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Page  103. 

HYDRODYNAMIC  CASCADE  THEORY. 

G.  Yu.  Stepanov. 

The  cascade  theory  will  arise  from  the  works  of  N.'/B.  Joukowski 
and  S.  A.  Chaplygin,  in  which  is  investigated  the  action  of  turbines, 
cf  propellers  and  the  slotted  wings.  First  are  exanined  and  are  set 
forth,  mainly  in  works  in  aerodyna n ics,  some  sierple  problems  of  plane 
■ction  of  the  inviscid  incompressible  fluid,  generalizing  the  same 
problems  of  airfoil  theory.  It  is  simultaneous  and  independent  of  the 
aerodynamic  cascade  theory  is  developed  the  hydraulic 
(one-dimensional)  theory  of  turbines  whose  beginning  placed  already 
by  L.  Euler  in  1754,  moreover  appear  and  are  permitted  tha  separate 
problems  of  the  theory  cf  screw/propeller.  In  the  forties  in 
connection  with  appearance,  investigations  and  the  development  of 
aircraft  gas-turbine  engines  the  beginning  is  the  intense  development 
the  theory  of  lattices  as  of  basis  of  the  contemporary  theory  of 
compressors  and  turbines.  Basic  results  will  be  obtained  by  the 
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school  of  N.  E.  Zhukovsy  and  S.  A.  Chaplygin  and  were  connected  with 
Posco*  University,  central  aer chydr cdy nan ic  institute  and  central 
institute  of  aviaticn  meter  construction  (here  mention  should  be  made 
of  still  works  in  the  range  of  the* hydr au 1 ic  and  steam  turbines  of 
the  Leningrad  polytechnic  ard  Hosccv  power  institutes,  and  also 
central  boiler  and  turbine  institute).  In  this  basic  stage  of  the 
development  of  theory  hydrodynamic  lattice  they  will  become  to  call 
any  located  in  the  fluid  flow  or  gas  loop- type  system  of  the 
motionless  or  rotating  fclade/vanes  of  t ur boraach ine  (hydraulic,  steam 
or  gas  turbine,  fan,  vare  compressor  or  pump).  The  defined  thus  space 
lattice  includes  as  different  special  cases,  single  wing  in  infinite 
liquid,  near  the  surface  of  the  water  or  earth/ground;  biplane  and 
pclyplane;  paddle  and  propeller;  the  flat/plane  and  lattice; 
flat/plane,  axisymmetric  and  three-dimens icnal/space  ducts,  channels 
and  nozzles  - actually  almost  all  subjects  of  the  investigation  of 
applied  gas  hyd rod  ynamics. 

Page  104. 

Ficm  the  theoretical  point  of  the  problem  of  the  flow  around 
lattices,  they  represent  by  itself  the  significant  generalization  of 
■any  tasks  of  the  mechanics  of  fluid  and  gas,  moreover  during  their 
solution  were  developed  some  specific  metheds  ard  were  obtained  the 
new  results,  having  sometimes  overall  interest. 
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At  present  the  cascade  theory  will  obtain  cniversal  acclaim  and 
together  with  airfoil  theory  it  will  enter  into  textbooks  on 
hydrodynamics,  on  the  theory  of  t u r bcmach  i tie  s a rd  on  applied  gas 
hydrodynamics.  Its  practical  value  continues  to  grow/rise  in 
connection  with  the  continuously  expanded  application/use  of 
turbomachines  and,  in  particular,  with  the  creation  of  powerful 
hydroelectric  power  plants,  thermal  and  atonic  power  plants, 
aircraft,  rocket,  stationary  and  transport  engines  - it  is  shorter, 
in  connect  ion  with  the  ap pi ica tion/use  of  t ur bcmachines  during 
obtaining  of  almost  entire  available  energy. 

For  the  contemporary  cascade  theory,  is  characteristic  the 
cciplicaticn  of  the  models  cf  flow  and  properties  of  liquid,  asa 
ETsVfl  £ 3IJBM.  ~ digital  computer],  the  discission  of  questions  of  the 
solvability  of  problems  and  stability  of  solutions,  the 
application/use  of  contemporary  methods  of  experimental  studies.  In 
this  range  work  the  many  scientists  and  engineers  from  scientific 
research  institutions  and  the  educational  i rsti tutions,  which  refer 
tc  tut  bcmachines. 

Although  the  hydrodynamic  cascade  theory  is  direct-connected 
with  the  flow  of  liquid  and  gas  in  tur boa achines,  representation  of 


r 
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this  theory,  its  methods  and  results  have  ap pi icat ion/append  ices  in 
all  problems  of  periodic  structures  in  continuers  media,  for  example, 
in  the  thecry  of  filtration,  in  acoustics,  theory  of  elasticity, 
electrostatics,  radio  engineering  and  ethers. 

The  basic  content  cf  survey/cc verage  covers  period  from  1917 
through  1967;  however,  in  connection  with  fundamental  value  for  the 
cascade  theory  of  the  early  works  cf  fi.'jft.  Joukcwski  and  S.  A. 
Chaplygin  survey/coverage  begins  frem  these  works,  moreover  here  to 
introduce  almost  all  designations  and  the  concepts  of  the 
contemporary  cascade  theory  and  it  is  possitle  to  outline  the  main 
trends  of  its  subsequent  development:  from  the  simplest  problems  of 
the  flew  around  the  lattice  of  plates,  the  airfcil  theory  and  of  the 
cascade  theories  from  fine/thir.  a i t f o i 1/pr  c f i le  s to  the  final  theory 
cf  airfoil  cascades  of  arbitrary  form  in  the  flat/plane  steady 
potential  incompressible  flow  with  the  subsequent  account  of  the 
compressibility  effects  and  viscosity.  Sur vey/ccverage  concludes  with 
twe  sections,  which  concern  somewhat  in  more  detail  the  contemporary 
problems  of  the  jnsteady  and  three-dimensicral/space  swelling  of 
lattices. 


1.  The  cascade  theory  in  the  works  of  M.  Ye.  Joukowski  and  S.  A 
Chaplygin. 
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The  most  widely  known  model  if  the  flow  of  the  inviscid 
incompressible  fluid  through  the  infinite  fcil  lattice  of  identical 
a irf oil/prcf iles  was  introduced  to  V.  Ye.  Joukowski  in  1890  during 
the  study  by  it  of  the  action  of  turbines  and  then  was  used  in  vortex 
conception  of  screw  propeller  (1912).  This  model  is  obtained  in  the 
plane  of  the  scanning/sweep  of  the  cylindrital  section  of 
turbomachine,  if  one  assumes  that  the  metier  of  liquid  occurs  over 
the  surfaces  of  circular  cylinders. 

In  works  on  the  theory  of  wing  and  airfoil  cascade,  N.'fB. 
Joukowski  and  S.  A.  Chaplygin  systematically  utilize  the  vehicle  of 
the  theory  of  complex  variable  functions,  giving  the  compact  and 
ideal  description  of  flat/plane  potential  flew. 

Let  the  lattice  of  the  identical  and  equally  streamlined 
airfoil/profiles  be  arrange/located  along  the  imaginary  axis  of 
complex  variable  z=x+iy  (Fig.  1).  Incompressible  flow  is 
characterized  by  composite  potential  w — W and  by  composite 
speed  v =*  v,  — ii>v  •*  o exp  (— la)  by  the  being  analytic  functions  x. 


fage  105. 


In  the  depicted  continuous  circulation  flow  the  domain  of  definition 
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w ( 2)  is  infinitely  connected,  function  V[z)  is  periodical  (with 
period  it),  and  function  w (z)  is  irfinitely  valced.  At  infinity 
before  the  lattice  and  after  it  the  speed  has  different  limiting 
values  v ( — oo)  = i>i  exp  ( ***») • ^ ^ 'a*  v/*(  <u,). 


If  we  use  to  analytic  function  v (z)  the  Cauchy  theorem  and  to 

ii  S 

deform  the  duct/contour  of  integration  L,  shewn  on  Fig.  1,  then  we 


will  obtain 


'^>  o{z)dz  — ^ v 


u(z)dz  — <t)  vdz  — ==0 


(ccntour  integrals  they  pass  in  positive  direction).  After  the 
separation  of  the  real  and  apparent/imaginary  parts  of  the  written 
equality,  are  obtained  the  conditions  of  the  absence  in  the  flow  of 
eddy/vcrtices  and  sources: 

(Viy  — l’ii/)  t ;1«  vixt  - - Vtx  t—Q<  (1-1) 

where  1 - circulation  around  airfoil/profile  and  0 - 

volumetric  fluid  flow  rate  through  the  layer  of  the  liquid  of  single 

thickness  in  one  period  of  lattice.  In  noncirculatory  flow 
r - 0 3*^-  vu  = vu. 

Prcm  the  same  theorem,  used  to  function  v2(z),  and  S.  A. 
Chaplygin's  first  formula  (1910)  for  the  composite  force 
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fi  — fix  — ifiu  y *P  v*  d*. 

2 

cf  the  acting  per  unit  length  of  blade  (p  - the  density  of  liquid), 
fellows 

<^>  va  (z)  dz  - — v1di  + v\it  — u\il  — 0, 

whence 

fi  — (vop  = j (1.2) 

cr 

i»i vC|, u _ (t^j — yjjpt,  = _ |>ri>C|),  = — fa,, — i>ly) pQ. 

* 

^•Ve.  ^ 

Fcrnula  (1.2)  expresses  t he  -Jou kowski  theorum  acavRSt  lift  force  of 

/> 

wing,  obtained  in  1906  and  distributed  by  it  in  1914  (by  applying  the 
theorem  about  momentum)  in  the  case  cf  lattice. 

In  1890  N.  Ye.  Joukowski  will  supply  and  will  solve  historically 
the  first  task  of  the  cascade  theories  of  the  jet-edge  flow  around 
the  lattice  of  plates.  Figures  2 schematically  depicts  flow  in  the 
physical  plane  z=x*iy  and  in  those  associating  it.  Lattice  is 
arrange/located  in  plane  z with  period  it.  In  the  critical  point  S 
speed  v=0.  At  points  F,  and  F2  (on  the  edges  of  plate)  begin  the  free 
jets  from  constant  on  modulus  with  a velocity  of  v=v2. 
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Fig.  1. 


Eage  106. 

At  infinity  after  the  lattice  of  jet,  they  react  maximum  direction 
o=a2  and  pass  at  a distance  ot  (measured  in  the  direction  of  the 
period  of  lattice)  . According  to  the  equation  of  the  continuity 

Uixt  (1 — o)  v2xt  Q.  (1,3) 

Unlike  continuous  circulation  flow  (Pig.  1)  the  zone  of  flow 
during  the  jet-edge  flew  arcund  lattice  is  singly  connected,  th^ 
ccncept  of  circulation  around  airf cil/prof ile  usually  is  not 
introduced,  and  respectively  composite  streaming  potential  w is 
single-val ued  function  l.  Of  the  projection  of  force,  which  acts  on 
airfoil/prefile,  they  are  determined  from  the  theorem  about  momentum: 
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(v-ix  — vlx)  p Q=*(Pi  — Pi)t  — Rx,\ 

I d.4) 

icteover  on  Bernoulli’s  integral  Pl  — Pj  = »/, p -(vj  — t>J),  and  pressure  in 

the  "stagnant"  zone  between  jets  ijs  considered  equal  to  p2  . In  the 
plane  of  composite  potential  w <p -p_  is  obtained  a series  of‘ 
semi-infinite  cut/sections  with  carrying  out  (with  period  itv",). 
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Fig.  2. 

Page  107. 


The  area  of  the  hodograph  of  the  speed  (for  clarity  instead  of  the 
hedograph  cf  the  composite  speed  v = vfexp(-ia)  usually  is  depicted  its 

f 

mirror  reflection  wexp(ia),  that  coincides  with  the  speed  in  physical 


plane)  takes  the  form  of  the  semicircle,  which  corresponds  to  one 
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period  of  lattice.  At  tie  points,  which  correspond  to  infinity  before 

the  lattice  and  after  it  (v  (— °°)  — <i  ^ 7;  (+«*>)  = i’»),  are  arrange/located 

A 

the  logarithmic  special  featare/peculiarities  of  the  composite 
potential  w(v),  the  source  cf  sorter  and  flea  with  the  intensities 

Fj  + iQt  = Uv,  = tv,  (sin  a cus  a),  Qt=—Q,—Q  (1.5) 

The  flow  parameters  must  satisfy  the  condition  cf  coinciding  the 
critical  point  dw/d~v=0  with  point  v=0. 


The  developed  by  N.  Joukowski  method  of  the  solution  of  the 
problems  of  the  theory  cf  jets  consists  in  the  construction  of  the 
function 

<o  = ln-^-=  — In  — -Ma  = -<u(u)  (1.6) 

in  half-plane  parametric  alter nati ng/v aria t le  u,  to  which  is 
reflect/represented  entire/all  flow  plane.  After  the  construction  of 
functions  u=u(u)  and  w=v(u)  the  composite  coordinate  z of  flow  plane 
is  found  by  the  integration: 


v f*  du 


(1.7) 


In  this  case  the  range  cf  hedograph  is  ref lect/representel  to 
half-fringe  a0>Imw>a0-ir,  Rea»>0  in  the  plane  of  the  function  of 
Joukowski,  and  flow  plare  - to  the  upper  half-plane  li^>0  so  that 
infinity  before  the  lattice  transfer/converts  into  infinity  of 
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half-plane  u,  and  all  fcrms  of  plates  and  jet  boundary  are 
ar range/ loca t ed  along  the  real  axis  Imju-0  with  period  ».  It  should  be 
noted  that,  instead  of  parametric  the  variable  u can  be  examined 
C=exp2i  (u-y)  , and  then  to  one  period  of  lattice  will  correspond  the 
interior  of  single  circle  (SfC#  but  entire/all  zone  of  flow  will  he 
reflected  to  infinitely  leaved  circle  with  logarithmic  branch  point 
in  C=0(z=-«,  u=i~)  . (Conformity  of  all  characteristic  points  is  shown 
c r Fig-  2a- f)  . 


Functions  w(u)  and  u (u)  in  the  task  in  guestion  are  located 
through  shvartsa  - chr istof tel *s  formula  or  they  are  constructed  on 
special  feature/peculiarities;  in  this  case 

du’  -O  MU  u (1.8) 

du  1 MU  (u  — Y)  ’ 

itL  ^ , . (1-9) 

du  sin  u Vs'n  (u  — Pi)  *'n  (**  — P*)  •• 

Constants  ( , . — c t n c = --|/siu p, 9i»|£  are  determined  additionally  from 
conformity  conditions  of  planes.  The  assignment  of  three  parameters 
p2  and  y with  an  accuracy  to  scales  (t  end  v2)  determines  all  the 

flew. 

N.  E.  Joukowski  in  189C  will  obtain  the  solution  of  this  problem 
for  a special  case  y=0  o,  — 0,  1 , = 0);  it  completed  by  S.  A.  Chaplygin 
and  A.  P.  tii.akov  in  19  30  with  the  republication  of  Joukowski' s work. 

The  scluticn  of  this  problem  obtained  then'  again  by  A.  Betz  and  E. 
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Eeterscn  (Ingr-Arch.,  1931,  2:2,  190-211). 

Following  task  - the  continuous  circulation  flow  around  the 
lattice  of  plates  (Fig.  3)  - completely  they  will  solve  for  the  first 
ti«e  in  1914  S.  A.  Chaplygin  and,  ky  another  method,  N.  VR  Joukowski. 

Page  1C8. 

Abroad  a special  case  of  this  task  (lattice  without  carrying  out)  is 
examined  V.  Kutta  (Sitzuncsker.  Bayer.  Akad.  Hiss.,  Nath.-phys.  Kl., 
1911),  but  complete  solution  will  obtain  considerably  later  E.  Konig 
(Z An n,  1922,  2:6,  422-429). 

The  lattice  of  plates  is  represented  ky  a series  of  equal  and 
parallel  cut/sections,  arrange/located  with  period  it  in  physical 
plane  (Pig.  3).  The  commc r/ceneral/total  properties  of  flow  are 
establish/installed  by  formulas  (1.1)  and  (1.2): 

1 (V'/y  — — Uty)  t,  — Vgxi  /?=■'--  ipl  I'd !• 

r 

The  speed  in  the  leading  edge  of  plate  in  the  general  case  is 
infinite;  the  trailing  edge  of  plate  during  adequate/approaching 
selection  ^ coincides  with  the  second  critical  point  s2,  and  then 
the  speed  in  it  is  final.  The  plane  of  composite  potential  is 
one-sheeted  and  contains  the  semi- inf inite  cut/sections  in  which 


! 


V 
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coasts  when  q>  > 4>s,  the  velocity  potential  has  a gap  to  value  T , The 
area  of  the  hodograph  ol  the  ccaposite  speed  v for  one  period  of 
lattice  occupies  half-plane;  at  points  v=vt  and  v=v?,  which 
correspond  to  infinity  before  the  lattice  and  after  it,  are 
arrange/located  the  source  cf  vortex  and  vertex  discharge  with  the 
intensities 

T + = ± o,.* -H  coma,.,).  (110) 

Fcr  flow  construction  through  the  lattice  cf  plates,  it  is 
possible  tc  utilize  a representation  of  zone  of  flow  with  the 
cut/sections  on  flow  lines,  which  pass  frci  the  critical  points  S2, 
ento  the  half-plane  of  the  parametric  variable  urn  that  introduced  to 
N.  Joukowski  (see  Fig.  2);  however,  in  this  case,  unlike  the  case 
cf  jet  stream,  instead  cf  the  simple  condition  Fe  «=0  on  cuts  F,P?  in 
plane  u it  is  necessary  to  satisfy  the  considerably  more  complex 
condition  of  equality  u at  the  coirciding  pcints  cf  previously 
unknown  cut/section  in  plane  z.  Por  the  elixination  of  this 
difficulty,  S.  A.  Chaplygin  introduced  this  representation  u=u(z), 
that  the  duct/contours  cf  all  a ir  f c il/ p rof  i les  transfer/convert 
consecutively  into  equal  segments  SlS2Sl*  real  axes  (S,  Sj  , = 2w) , and 


the  infinite  point  z =♦-  - into  points  u=ip*mw  (t=0,  el,  ±2 , 
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Fig.  3. 


Eaqe  1C9. 

Sith  this  representation  th€  condition  cn  cit/sections  is  fulfilled 
automatically.  From  the  conformity  of  singular  joints  and  boundaries 

cf  jlares  u and  z,  it  fellows 

— C («« — T») 

</u  iiu (u  — </;)  »in  (u  J- 1/>)  • \ y (l.M) 


cr 


(M2)  ' 


Cn  the  basis  of  conforaal  napping  (1.12)  S.  A.  Chaplygin  in  1914  will 
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give  the  complete  solution  cf  the  problem  cf  the  flow  around  the 
lattice  of  plates,  and  with  the  re publ icat icn  of  work  in  1933,  he 
will  supplement  function  (1.12)  by  the  free  parameters,  ensuring 
obtaining  lattices  from  theoretical  eight- par ameter  profiles. 

All  the  subsequent  solutions  cf  the  prcble*  of  the  flow  around 
the  lattice  of  plates,  instituted  cn  ccnfornal  lappings,  elementary 
fellow  from  the  solution  of  S.  A.  Chaplygin.  Thus,  for  instance,  most 
widely  used  representation  cf  the  interior  of  unit  circle  from  the 
plane  of  parametric  variable  t = e‘“  with  sjmetrica  lly 
arr anged/lccated  branch  points  C=i9  (see  Fig.  3e)  is  obtained  from 
Chaplygin's  formulas  by  the  sinple  substitution  u=-ijln\C,  p=ln|q: 

'"X  + +con«t. 

N.  ]fE.  Joukowski  in  1919  will  give  the  simplest  solution  of  the 
sane  problem,  first  of  all  he  will  examine  a special  case  of  the 
lattice  of  the  cuts  of  the  real  axis  y=0,  - 1*mt<x<  1+nt  ani  will 
represent  composite  speed  as  sum  of  three  velocities,  corresponding 
longitudinal,  to  transverse  and  purely  circulation  flow  (Fig.  4) : 

v (*)==  virf 


where 


*>/l  = I'd..  — const, 

vx = vxm  - aa 

|/sin  x (s  + f ) sin  * (s — 1)  ’ 
„ = _£* cosxj 


i 


(1.13) 
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Formulas  (1.13)  are  written  by  analogy  with  formulas  for  th»  flow 
around  the  single  plate,  into  which  they  t ransf er/con vert  in  the 
extreme  case  x = n/1-*-0;  their  validity  it  is  establish/installed  by 
direct  checking  on  boundaries  of  the  region.  Integration  of 
expression  v (z)  gives 


w(i) 


- ^ I or.  ' * ' COH  XI 

— “.ecu*  — 


sin  XX 

u nTux 


(1.14) 


For  the  finiteness  of  the  velccity  in  the  trailing  edges  z=1*mt, 

is  necessary  the  observance  of  the  conditicc 


»i,»»iiix  | — i coax  l>; 


(115) 
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in  this  case 


-f 1/ 4g  *<«-<) 

tos  x V am  x (jj_  <>  • 


(1.16) 


Per  the  solution  of  the  problem  of  the  flew  around  any  lattice 
cf  plates,  N.  'tL.  Zhukovsiy  utilizes  composite  potential  of  * he  simple 
noncirculator y flow  through  the  lattice  of  the  segments  of  one  line 
w(z)  = u>:  f-  (/’ll as  mapping  function  z,=w(z)  and  thus  will  be  obtained  in 

plane  zt  (Pig.  5)  the  oblique  lattice  of  horizontal  plates 
(establish/installed  with  carrying  out)  with  period  f — t {^noo  + 
napping  function  Joukowski  assigns  to  the  derivative  (which  is 
sufficient  for  calculations  v(zt )) 


di  4"  PJ.« 


/»Iux(j  f Ijiinxu'-lf  ’ 


(1.17) 


respectively 


2,  = l>||„Z 


. Ul*  CO»  XI 

H-~V  a«ccoa 4 const. 


(1.18) 


The  length  of  plates  in  oblique  lattice  is  determined  by  difference 
7,  at  the  critical  points  ( S t and  S2)whose  coordinates  z are  located 
fro®  equation  dz,/dz=0. 


The  solution  of  the  problem  of  the  flew  arcund  the  oblique 
lattice  (arrange/located  in  plane  7,)  is  obtained  in  function 


J 
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parametric  the  variable  z;  explicit  solution  is  found  only  for 
special  case  « 0,  for  the  lattice  cf  the  hcri2cntal  plates, 

4 

ar range/located  without  carrying  out  along  imaginary  axis  y,;  this 
solution  can  be  obtained  from  formulas  (1 . 1 3) - ( 1. 1 6)  by  replacement 
in  then  z by  Zj,  of  all  trigonometric  functions  by  hyperbolic  on 

V,,  and  vice  versa. 

The  cascade  theory,  directly  adjoins  S.  A.  Chaplygin's  work, 
which  pertains  to  the  year  1921,  in  which  was  studied  the  flow  around 
the  slotted  wing,  consisting  of  the  segments  of  one  line  or  circular 
arcs,  and,  in  particular,  it  was  shewn,  that  for  this  wing,  as  for 
single,  there  is  a parabola  of  stability  (enveloping  the  lines  of 
action  resultant  force  of  pressure  flow)  at  final  velocities  on 
trailing  edges.  (Existence  cf  the  parabola  cf  stability  for  the 
arbitrary  system  of  airfoil/profiles  proved  M . y.  Keldysh  in  1936). 
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Pig.  5. 

Page  111. 

Thus,  to  N.  E.  Joukowski  and  S.  A.  Chaplygin  placed  and  solved 
the  first  tasks  of  the  cascade  theories  and  were  establish /installed 
the  ccBiacn/general/tota  1 properties  of  the  flow  through  lattices;  in 
tie  mentioned,  and  also  adjacent  works  on  the  theory  of  wing  and 
hydrodynamics  by  them  were  shown  the  tasic  methods  of  study,  which 
were  being  utilized  by  Soviet  and  foreign  scientists  with  the 
subsequent  the  development  of  the  cascade  theories  and  in  its 
technical  applicat icn/appendices. 

§ 2.  The  cascade  theory  from  fine/thin  air f c i 1/ p rof iles. 

Large  development  stage  of  the  cascade  theories  consists  in  the 
propagation  on  them  of  the  methods,  developed  in  the  twentieth  years 
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in  the  theory  of  the  flew  around  fine/thin  Krylcv  a ir foil/ pr of i les. 
These  methods  will  arise  frera  the  representation  of  the  bound 
vortexes,  distributed  alone  airfoil  chords,  which,  actually,  will  b e 
the  hydrodynamic  interpretation  of  mathematical  facts  and  formulas, 
known  from  the  theory  of  potential  and  theory  cf  complex  variable 
functions.  The  systematic  application/use  of  the  latter  is 
characteristic  for  the  works  of  hydrodynamics  specialists's  Moscow 
school  (author's  survey/coverage  of  these  works  of  distance  M.  V. 
Keldysh  and  L.  I.  Sedov  in  1963).  Easic  results  in  the  cascade  theory 
from  fine/thin  airfoil/prefiles  were  obtained  by  L.  I.  Sedov  during 
the  years  1935-1939.  Its  method  of  the  solution  of  the  problems  of 
the  slender-wing  theory,  shock  against  the  incompressible  fluid,  the 
glidings  and  other  tasks  cf  flat/plane  hydrodynamics  consists  in  the 
systematic  use  of  functions  of  for*  g (z)  = 1I[  (z  — a,)]*1/! x Hi  (z— b,)\iX'* 
for  the  isolation/liberation  of  special  feature/peculiarities  in 
points  z — alt  z — b),  which  correspond  tc  the  wing  edges,  and  obtaining 
solutions  in  the  form  of  quadratures  in  flew  plane.  So  will  be  solved 
the  problems  of  the  flow  around  thin  wings  in  lattice  without 
carrying  out,  the  lattices  cf  polyplanes,  close  to  cuts  of  one 
straight  line,  the  dual  lattices  of  such  pclyplanes,  arrange/located 
without  the  carrying  out  through  tbe  half  cf  period,  biperiodic 
lattices  with  the  rectangle  of  periods  (L.  I.  Sedov,  1939  and  1950). 


In  the  basic  first  case  the  lattice  of  the  fine/thin 
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airfoil/profiles,  close  to  the  lattice  cf  plates  with  period  *i, 
■eves  forward/progressively  in  plane  z,  moreover  far  before  lattice 
(z=«)  liquid  rests  (Fig.  6).  (This  task  unessentially  differs  from 
the  task  of  the  flow  arcund  rigid  lattice.  Fig.  1;  however,  it  has 
scae  advantages  during  the  propagation  of  method  in  the  case  of 
unsteady  motion).  The  values  of  the  composite  velocity  v(z)=dw/dz  in 
the  linear  setting  of  slender-wing  theory  are  carried  to  cut/section 
(—  « < x < a,  y *=  mnt):  (x),  v~  — v~  (x),  respectively  in  the  upper  and 

lower  coasts  of  cut/sections. 

Any  disappearing  with  z =♦«  periodic  analytic  function  F(z)  is 

expressed  in  zone  of  flow  fcy  the  generalized  Cauchy  formula 

(2.1) 

i 

in  which  the  duct/contour  cf  integration  L,  which  covers  point  z,  it 
can  be  expanded  to  infinity  within  the  limits  cf  period.  For 
F(z)  = v(z)  this  gives 


~v w “ J I' y+  (E)  ~ ^ (E)I  (E  - *)  + 1)  <*• 


(2.2) 
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formula  (2.2)  expresses  composite  rate  cf  flew,  caused  by  the  motion 
cf  lattice,  through  the  value  of  tie  d isco rtinu  ity  of  velocities 
— J-  = — (y  tig)  on  cut/sections,  and  it  h y drody  nam  ical  1 y 
corresponds  to  the  imposition  of  tie  flew,  caused  by  the  sources  of 
vertex,  distributed  along  all  cuts  -a<x<a,  y=m»i,  on  the  uniform  flow 
with  the  speed 

<1 

-Hi-J  <?+««■.-•& 

— « 

During  specified  distributions  7 ( x)  and  q (x)  (satisfying  some 
supplementary  conditions)  formula  (2.2)  directly  solves  the  inverse 
problem  of  determining  the  flow,  caused  by  the  lattice  of  theoretical 
profiles,  and  the  construction  of  these  a i r f c i 1/ prof i les  ( A . F. 
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Lesokhin  and  L.  A.  Simonov,  1939). 


Fee  more  complex  direct  problem  of  the  cascade  theories  with 
known  the  form  of  airf oi 1/p rof i les  frem  the  ccndition  of  their 

impenetrability,  are  knewn  normal  to  the  duct/ccntour  of 

v speeds 

airfoil/profiles  components  of  V^which  in  the  first  linear 
approach/approximation  cf  slender-wing  theory  are  assigned  as 
apparent/imaginary  parts  yj  (x)  and  vv  (x)  l function  v(z)  at  the  edges 

of  cut/sections  -a<x<a.  In  direct  problem  frem  formula  (2.2),  used  to 

_ margin 

the  boundary  values  of  v(z)  in  the  cut/secticnA(or  on  duct/contou r 0f 
airfoil/prof ile)  eea-sts  is  obtained  the  integral  equation  of 
relatively  unknown  function  y (x)  = vl  — t>J,  equal  to  the  discontinuity 
cf  tangential  velocities.  In  slender-wing  theory,  known  the  numerical 
solution  of  this  aquation,  instituted  on  the  representation  of 
function  7 (x)  in  the  form  of  Fourier  series  with  the  isolated  special 
feature/peculiarity  on  entering  edge  (G.  Gleuyert,  Basis  of  the 
airfoil  theory  and  sere w/prcpeller , 1926;  the  Fussian 

trans  laticn/con  version : M.-l.,  1931).  L.  I.  Sedov  will  give  the  final 

solution  of  direct  problem  in  the  form  of  definite  integral.  For 
this,  the  unknown  function  *v{z)  is  divide/marked  off  on  two  parts, 
symmetrical  and  antisymmetric,  v (z)  =v,  (z)  ♦vj(2 ) , that  satisfy  on 
cut/sections  the  conditions 

_ v'tu  yK  — v~u),  {ft  f »?);  1 


viv  =*  *>!„  yK  + iV). 


Vix  (*£  | 

— i>h^  — | 
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The  first,  symmetrical,  part  hydrodynaaically  corresponds  to  flow 
frcm  distributed  sources  (9  ==  2i>}„),  and  the  second,  antisymmetric,  from 
eddy/vortices  (y  — — 2v$x).  Function  7,  (z)  directly  is  found  through 
Cauchy  formula  (2.1).  Per  determination  v"2  (z)  taking  into  account  the 
supplementary  condition  of  the  finiteness  of  velocity  on  trailing 
edges  (z=-a*kiri)  is  introduced  the  function 

*w-/££Sf*  (2-4) 

In  the  cut /sect ions , coasts  this  function  takes  the  pure  imaginary 
values,  which  differ  only  in  terms  of  sign;  therefore  product 
F (z)  = g (z)7 2 (z)  immediately  is  found  through  Cauchy  formula,  moreover 
v2  (z)  are  obtained  the  necessary  special  feature/peculiarities, 
isolated  by  function  g ( 2)  . 

Page  113. 

The  solution  of  direct  problem  takes  the  form 

11 

r(z)  i J (‘/-"DkiiiG-zH  + 

--  u 

u 

+ 2^7(1)- 5 W+OrWIcihrt-sj  + lids.  (2.5) 
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P,=  E 


To  this  solution  in  the  general  case,  is  reached  the  composite  rate 
cf  the  purely  circulation  flow 


«UZ) 


V 

2nl 


chi 

Y*k  (t  fa)  lb  (i  — a) 


(2.6) 


with  arbitrary  supplementary  circulation  T (moreover  velocity  on 
rear  edges  becomes  infinite). 


For  lattices  of  infinitely  fine/thin  airfoil/profiles  (small 
arcs)  Vy  =*  v$  and  the  first  integral  in  formula  (2.5)  disappears;  for 
the  lattice  of  plates,  furthermore,  v,  = v'y  — coust,  the  second  integral 
is  taken  and  gives  the  exact  solution  of  the  task  of  the  flow  around 
the  lattice  of  plates  without  carrying  cut. 

Analogous  solutions  are  obtained  in  all  ether  examined  tasks. 

Fcr  airfcil  cascade,  close  to  the  cuts  cf  real  axis,  the  nucleus  of 
integrals  (2.5)  is  replaced  on  [ ctg  (5-z)- tga  ] and  in  formulas  (2.4) 
and  (2.6)  instead  of  the  hyperbolic  functions  are  obtained 
trigonometric;  for  bipericdic  lattices  in  nucleus  and  function  q (z) 
they  enter  with  respect  to  £-  function  and  <t-  function  of 
tie  ier  strass. 

On  the  basis  of  the  obtained  expressions  of  velocity,  were  qiven 
ccimon/general/total  formulas  for  forces  and  the  torque/moments, 
acting  on  airfoil/prof ile.  In  the  case^  cf  the  oblique  lattice  of 
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fine/thin  airfoil/prof iles  (estab 1 ish/insta  1 le d with  carrying  out) 

are  recommended  conformal  mapping  (of  type  (1.16))  for  the  lattice  of 

plates  without  carrying  out  in  the  plane  of  the  parametric  variable 

2t=C  and  the  representation  of  the  unknown  functions  with  series 

exp 

according  to  degrees  £.  Is  shown  the  possibility  of  the 
propagation  of  method  tie  cases  of  the  presence  in  the  flow  of  point 
dipole  singularities  and  sources  cf  vortex,  and  also  of  jat-edge  and 
unsteady  flows  (L.  I.  Sedov,  1938,  1939,  1950). 


The  used  method  of  study  has  high  fundamental  value,  being 
direct-connected  with  tie  complete  scluticc  cf  Keldysyu  - Sedov 
(1937)  the  bcundar y- val re  problem  cf  the  construction  analytic 
complex  variable  function,  taking  cn  the  cuts,  filling  the  boundaries 
cf  half-plane  (circle,  land  or  ring),  the  assigned  values  of  the 
alternately  real  and  apparent/imaginary  part  of  the  function. 
Analogous  method  was  used  during  the  solution  of  the  problems  of  the 
theory  of  elasticity  anc  it  entered  into  the  tteory  of  the  singular 
integral  equations  (see  N.  I.  Muskhel ishvi li's  monographs,  1946  and 
1962;  S.  G.  Hikhlin,  1949  and  1963;  F.  D.  Gakhcva,  1963). 

The  particular  tasks  cf  the  cascade  theories  from  fine/thin 
a irf  oil/prcf  iles  solve  E.  A.  flayzel*  ( 1936),  P.  A.  Walter  (1938),  I. 

S.  Eelen'kiy  and  I.  E.  Zelenskiy  ( 1938,  1939)  et  al. 
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The  cascade  theory  in  question  from  fine/tlin  airfoil/profiles 
obtained  in  the  thirties  the  first  practical  application/j ses  in  the 
calculations  of  hydroturbines  (I.  N.  Voznesensky  and  V.  P.  Peking) 
and  of  fans  (K-  A.  Ushakov,  1936)  ; then  it  was  used  during  the 
creation  of  the  contemporary  theory  of  axial-flcw  compressors  and 
pumps  (G.  F.  Profk ur,  1934;  1.  A.  Simonov,  1957;  K.  A.  Ushakov  et 
al.,  1960;  A.  A.  Lcmakin,  1950). 

Page  114. 

In  spite  of  the  subsequent  development  of  mere  general  methods,  the 
cascade  theory  from  fine/thin  airf cil/prof iles  until  recently  is 
utilized  in  the  investigatiens  of  hydroturbines  (A.  Yu.  Kolton  and  I. 
E.  Etinberg,  1958)  ». 

FCCTNOTE  *.  The  cascade  t hecry  frcm  fine/thin  airfoil/profiles  is 
utilized  in  seme  contemporary  foreign  raana  gement/manuals  on  the 
theory  of  the  lattices  (for  example,  see  the  works  of  G.  Schlichting 
and  P.  Sho 1 • ts) . E NDPOOIHCT E . 

§ 3.  The  cascade  theory  frcm  arbitrary  air f cil/prof iles. 

The  first  investigations  concern  the  simplest  objects  - lattices 
of  plates  and  close  to  them.  However,  the  airfoil/profiles  of  the 
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tlades  of  turbomachines,  unlike  the  wing  profiles  and 
screw/propellers,  usually  are  strorgly  bent,  they  have  considerable 
curvature  and  work  over  a wide  range  of  a change  in  the  angles  of  the 
entry  of  flow.  Therefor e large  ef f ort/f crces  were  directed  toward 
further  development  of  the  cascade  theories  without  substantial 
limitations  of  form  and  conditions  of  the  flew  around 
airfoil/profile.  This  development  rests  on  results,  reached  earlier 
in  the  particular  case  cf  lattices  from  the  fine/thin  weakly  bent 
airfoil/profiles,  and  on  the  methods,  developed  in  a precise  airfoil 
theory  cf  arbitrary  airf cil/prcfile. 

Tc  the  works  Soviet  scholarly  according  to  airfoil  theory  and 
airfoil  cascades  in  flat/plane  potential  flew  the  characteristically 
systematic  application/use  cf  methods  cf  the  theory  of  complex 
variable  functions  for  explaining  the  common/general/total  properties 
of  flow,  its  constructicn  cn  special  feature/peculiarities  is  direct 
in  physical  plane  and  with  the  use  of  ccnfcrmal  mappings, 
representation  analytic  functions,  connected  with  flow,  in  the  form 
of  integrals  or  series  and  finally  the  soluticn  of  direct  and 
reverse/inverse  problems  of  the  flow  around  lattices  as  basic 
toundar y-value  problems  for  these  functions  in  flow  plane,  in  the 
area  cf  the  hodograph  of  the  velocity  or  in  canonical  regions. 

Basic  direct  problem  of  the  cascade  theories  consists  in  the 

J 


DOC  = 781  15301 


PAGE 


b o 


ccnstruction  of  the  flow  through  the  assigned  lattice  under  given 
conditions  of  flow;  all  the  retaining  tasks,  uscally  simpler,  in 
which  the  lattice  previously  is  not  assignee,  tut  it  is  obtained  in 
the  process  of  solution,  they  call  inverse  problems  in  the  broad 
sense.  They  include,  for  example,  the  tasks  of  the  construction  of 
the  continuous  either  jet  streams  through  tie  lattices  of  plates, 
circles  or  special  theoretical  profiles,  and  also  inverse  problems  in 
narrower  sense  - task  of  the  construction  cf  lattices  with  the 
specified  distribution  cf  velocity,  satisfying  specific  conditions, 
and,  in  particular,  assigned  on  airfoil/prefile. 


As  analytical  functions  were  utilized  ccnpcsite  potential 
u>  ^ <p  -f  Up,  composite  velocity  ^ =»  vx  — iuy,  its  logarithm  lnv=lnv=ia  - 
(or  the  function  of  Zhukovskiy  u=ln  (v/v2)  ) , the  function  of  conformal 
mapping  of  zone  of  flow  frem  physical  plane  with  the  composite 
coordinate  z onto  canonical  ranges  in  plane  cf  parametric  variable  u, 
C cr  Z (see  Fig.  3 and  7).  As  canonical  regions  most  frequently  are 
applied  the  half-plane,  exterior  or  the  interior  of  circle  and  the 
exterior  of  the  lattice  of  plates  without  carrying  out,  and  also 
land,  ring  and  the  exterior  of  the  lattice  cf  circles. 

The  common/general/tot al  properties  of  the  flow  through  lattices 
coincide  with  those  studied  in  the  particular  case  of  the  lattice  of 
plates,  which  is  obvious,  if  we  examine  conformal  mappings  of  the 
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assigned  lattices  onto  the  equivalent  lattices  of  plates  or  the 
canonical  ranges,  depicted  in  Fig.  3-5. 

Fage  115. 

Is  especially  important  the  property  of  the  linearity  of  the  tasks  of 
determining  the  functions  w (z)  and  v(z),  because  of  which  is  possible 
the  construction  of  complex  flows  by  imposition  simpler,  the 
elementary  recalculation  of  the  distribution  of  velocity  during  a 
change  in  flow  conditions  and,  in  particular,  the  existence  of  the 
linear  dependences  of  relative  velocity  on  eir fcil/profile  and  of  the 
tangent  of  angle  a2  of  flow  discharge  from  the  tangent  of  angle  a,  of 
entrance,  and  also  circulation  frcn  the  sine  of  angle  of  attack  (L. 

I.  Sedov,  1939,  19  50;  N.  Ye.  Kcchin,  1594,  194S;  G.  Yu.  Stepanov, 
1953,  1562). 

The  basic  integral  representation  of  the  periodic  analytic 
functions  F(z)  (limited  at  infinity)  gives  Cauchy  integral  with  the 
propagation  of  the  duct/contour  of  integration  for  the  period  of  the 
lattice  (as  this  was  done  in  Pig.  1): 

F (J) “ | F i:th *(;-*)*£  + f'°°-  { (3-1) 

H«r«  /’»•=»/, (—oo)  + F (+  oo)|,  k « nil,  lattice  is  arrange/located 
along  imaginary  axis  with  period  T = it.  Pormcla  (3.1)  actually 
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coincides  with  representation  (2.1)  of  the  cascade  theories  from 
fine/thin  a ir f oil/ prof i les,  differing  from  it  crly  in  terns  of 
overall  duct/contour  of  integration  during  transition  to 
airfoil/profile  C. 

On  the  basis  of  representation  (3.1)  N.  Ye.  Kochin  (1 94  1 , 1 947, 
19  4 9)  will  solve  direct  problem  of  the  cascade  theories,  applying  the 
reception/procedure,  developed  by  him  in  1937  in  wave  theory.  For 

scluticn  is  introduced  the  function  (integral  transfora) 

//(H)  — ^>f(*  (3-2) 

relatively  by  which  of  formula  (3.1)  with  P(z)=V(z)  taking  into 
account  the  conditions  cf  the  flow  around  airf oil/prof ile  is  obtained 
functional  equation.  After  the  solution  of  this  equation  of  function 
v (z)  it  is  located  by  tie  inversion  cf  conversion  (3.2).  As  the  first 
example  of  application  cf  his  method  Kochin  obtained  a precise  (in 
the  for®  of  a series)  solution  of  the  task  cf  the  flow  around  the 
lattice  of  circles  and  then  approximate  soliticr  of  direct  problem 
fcr  the  arbitrary  lattice  of  a small  denseness  (on  the  assumption 
that  it  is  known  the  flew  around  the  single  airfoil/profile  of  the 
same  lattice).  Upon  this  formulation  of  the  problem,  directly  is 
explained  a change  of  distributing  pf  velocity  and  its  circulation 
(!’  = //  (0))  during  transition  from  single  airfoil/profile  to  lattice 
frea  the  same  airf cil/picfiles. 
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Representation  (3.1)  in  application  tc  functions  w(z|,  v(z)  or 
lnw(z)  on  basic  cascade  profile  L0  after  the  ccipartaent  of  real  and 
apparent/i faginary  parte  gives  linear  integral  equations  relative  *o 
the  velocity  potential  projections  vx,  v„  or  the  module/modulus  of 
velocity  v as  of  functions  cf  the  arc  cf  airfoil/profile  s.  In  the 
case  of  lattices  from  fine/thin  airfoil/profiles,  these  equations 
have  in  § 2 the  effective  sclution  indicated  in  the  form  of 
quadratures;  for  profile  arbitrary  fern  of  equation,  they  are  solved 
ruierically,  by  the  method  of  information  tc  the  system  of  linear 
equations  or  by  successive  approxi nations.  This  method  of  the 
scluticn  of  direct  problem  is  called  usually  vertex/eddy  method  in 
connection  with  the  hydrodynamic  interpretation  of  representation 
(3.1)  with  F(z)=v”(z)  and  in  another  tanner  the  obtaining  of  the 
equations  cf  task  as  a result  cf  the  imposition  of  the  uniform  flow 
with  a speed  of  t>m  op  flow  from  the  e dd  y / vc  r t ices,  distributed  on 
the  duct/ccntours  of  ai r f cil/pr of i 1 es . 

Page  116. 


Vortex/eddy  method,  as  in  principle  idle  time  itself,  will  receive 
wide  acceptance  and  it  is  applied  both  for  the  single 
a ir f oi 1/pr cf iles  (P.  A.  Halter,  1922;  n.  A.  Lavrentyev,  1932  ; A.  P 
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felnikov,  1936,  1949,  etc.) and  for  lattices  frci  fine/thin  small  arcs 
and  frcm  the  airf oil/prcf iles  of  final  thickness  (P.  V.  Halent*yev, 
1939;  fa.  P.  Lesokhin,  194C,  1946,  i953;  V.  V.  Uvarov,  1946;  H.  I. 

Joukowski,  1949,  1960).  In  connection  with  large  labor  consumption  of 
method,  obtaining  sufficiently  acccrate  and  systematic  results  will 
teccme  possible  only  during  the  use  of  contemporary  computer 
technology  (ETsVH)  . By  S.  N.  Belot  serkcvsk  iy,  A.  S.  Ginevskiy  and  Ya . 
Ye.  Pclcnskiy  in  1962  were  published  the  calculations  (using  the 
■ethod  of  discrete  edd y/ vertices)  cf  lattices  from  biparane*ric  small 
arcs  with  maximum  sagging/def lecticn  tc  30c/c  ard  his  position  to 
30-50c/o  of  chord.  On  the  tasis  of  results  cf  these  calculations, 
were  obtained  useful  in te t pc  la t ion  formulas  for  basic  hydrodynamic 
lattice  parameters  of  those  utilized  in  axial-flcw  blowers  and 
compressors.  Somewhat  later  vortex/eddy  method  will  be  programmed  and 
was  used  in  the  practical  calculations  of  the  lattices  of  steam 

turbines  and  stationary  gas  turbine  engines  (M . I.  Joukowski,  , T 

\Durakov ' 

c*  Novikova,  19  6 3;  V.  N.  Zelenin  and  V.  A.  Shilov, 

1963).  In  theoretical  sense  and  for  the  application  of  numerical 
methods  are  important  questions  of  the  solvability  of  equations, 
convergence  of  successive  approximations  and  evaluation  of  the 
accuracy  of  solutions.  In  the  hydrcdynaxic  cascade  theory,  these 
guestiens  are  theory  of  elasticity  in  connection  with  the  close  tasks 
cf  the  voltages  in  the  plane,  weakened  by  the  infinite  series  of 
equal  grooves  (G.  N.  Savin,  1939,  1951;  S.  G.  nikhlin,  1949)  and  by 
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their  biperiodic  system  (L.  B.  Kurshin  and  I.  A.  Fil'sht.  inskiy  , 1961; 

L.  A.  F il*  shtinski  y , 1964). 

In  the  special  case  of  circular,  generally  speaking,  revolving 
gates,  vortex/eddy  method  is  applied  after  preliminary  conformal 
mapping  (P.  V.  Belent'yev,  1939;  V.  V.  Uvarov,  1946) 
and  it  is  direct  in  flow  plane  (V.  E.  Lukastevich,  1964,  1965). 

Another  widespread  recepticn/procedure  of  conformal  maoping 
reduces  direct  problem  cf  the  flow  around  lattice  (Fig.  7a)  to  the 
more  studied  task  of  flew  in  simply  connected  region.  For  this,  is 
applied  the  periodic  function,  most  frequently  C — e\p  ‘2xz  or 
t — clh  xz.  In  the  obtained  range  (Fig.  7b)  it  is  necessary  to 
construct  flows  from  special  feature/peculiarities  - source  of  vortex 
and  vortex  discharge  - *ith  the  intensities 

for  which  necessary  to  solve  integral  equation  cr  to  find  conformal 
■ apping  of  the  obtained  range  into  canonical,  lie  latter  is  conducted 
by  the  special  methods,  developed  for  a single  airfoil/profile  (Ta. 

F . Serebr i yskiy , 1944;  L.  A.  Simonov,  1945,  1947;  S.  G.  Nuzhin, 

1947),  or  it  is  numerical  (G.  B.  Gcluzin,  1947;  P.  V.  Belent'yev, 
1937;  a.  A.  Lavrentyev,  1946;  L.  V.  Kantorovich  and  V.  I.  Krylov, 
1941,  1949).  When  conformal  mapping  of  the  exterior  of  lattice  onto 
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the  canonical  range  Z = Z (z)  is  found  or  it  is  known,  velocity  is 
calculated  by  the  differentiation: 


1(2) 


dw  <1/ 

ir~jr • 


(3-3) 


moreover  the  composite  potential  w = w(Z)  easily  stands  in  canonical 
range  on  special  feature/peculiarities. 


Pace  1 17. 

The  method  of  conformal  mapping  with  the  aid  of  function 
£ cth  xz  and  after  the  tlcwing  numerical  representation  on  the 
average  in  plane  Z (Pig.  7c)  will  he  basic  for  the  foreign 
investigations  of  the  fortieth  years  (A.  Khauyell,  ARS  Teohn.  Rept, 
19  41,  No.  5095;  V.  Traupel*,  Sulzer  Techn.  Rev.,  1945,  one-to-one). 
However,  this  sequence  of  representation  for  the  lattices  of  large 
denseness  is  virtually  unsuitable  due  to  very  ncnuniform 
representation  (|dZ/dz|)  and  with  respect  tc  a larger  error  in  the 
determination  of  velocities.  This  deficiency/lack  is  removed  during 
the  use  of  a sequence  of  conversions  ?,=a-*-fcS  with  the  transition  of 
points  Cj=±1  to  the  centers  of  curvature  of  the  edges  of 
airfoil/profile  and  then  t»  = x_l  arcth  as  a result  is  obtained  the 
simple  oval  range  (dotted  line  in  Pig.  7a),  close  to  vane  channel. 
Then  this  range  numerically  or  with  the  aid  of  electrical  simulation 
(E6CA)  is  ref lect/represented  tc  circumference  cr  band  with  smaller 
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oscillation  \dZ/dz|  (G.  Yu.  SteFancv,  1962). 

For  circular  gratings  are  applied  conversions  7.l  = \njz  or 
2,  zUN  (j  = o in  the  center  cf  lattice,  N - a nunber  of 
a irfoi 1/pr cf iles)  and  then  the  same  procedure  as  for  usual  lattices  1 

t 

(P.  A.  Walter,  192  5;  V.  V.  iJvarov,  1946;  G.  I.  Maykapar,  1949,  1952); 

dcuble-row  lattices  are  reflect/represented  to  ring  or  band  with  ' 

\ 

. A 

cut/section.  * 

I 

Method  FGD A widely  is  utilized  in  Soviet  and  foreign  works.  It  i 

replaces  laborious  calculations  by  the  irea  s i re  me  nts  of  elactric  j 

potential  on  models  f rc m electrolyte  or  the  carryinq  out  paper.  j 

1 

Eefore  the  development  cf  sufficiently  effective  numerical  methods 
and  appearance  of  ETsVM,  this  method  will  be  cnly,  virtually  suitable 

| 

for  any  lattices.  The  most  advisable  appl icatic r/uses  of  a method  j 

FGDA  consist  in  the  deter ai nat ion  of  tbe  n c nc ircu latory  flow  through 
the  assigned  lattice  for  its  conformal  mapping  onto  the  equivalent 
lattice  of  plates  or  circles  (L.  A.  Simonov,  1940;  S.  F.  Abramovich, 

1946)  and  it  is  later  in  the  determination  cf  the  representation  of 
interior  of  the  type  of  those  given  in  planes  Q or  (Fig.  7)  or  the 
hodcgraph  cf  velocity  ir.  canonical  region. 
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application/appendices  of  method  EGDA  are  in  tfce  works  I.  M . 
Tetel'baum  (1952),  P.  F.  Fil'chakova  and  V.  1.  Panchishin  (1961), 
G.  F.  Stepanov  (1962). 

All  the  numerical  aethcds  of  the  flow-field  analysis  the 
assigned  airfoil  cascades  of  arbitrary  form  are  laborious  and, 
actually,  give  only  approximate  solutions  cf  particular  character.  In 
connection  with  this  were  developed  and  will  receive  known 
propagation  theoretical  airfoil  cascades  of  special  form,  the 
a 1 lcw/assu mi ng  precise  analytical  expressicns  cf  the  hydrodynamic 
functions  cf  flow. 

By  generalizing  the  Schwarz-Christof f e 1 in  the  case  of  latticed 
range  were  ccnstructed  lattices  frcm  symmetrical  guadrangles  ( F.  L. 
Eloch,  1947)  and  from  arbitrary  triangles  in  straight  line  and  in 
circular  gratings  ( D.  A.  Vo ytashevskiy , 1953,  1956).  This  same  by 
method  in  principle  it  is  possible  to  obtain  lattices  from  polygons 
with  the  arbitrary  number  of  sides  (L.  I.  Sedov,  1950)  . 

In  many  theoretical  studies  the  lattice  of  circles  plays  the 
same  role  as  circle  in  the  theory  cf  single  airfoil/profile; 
therefore  considerable  effort/forces  were  directed  toward  the 
flow-field  analysis  of  the  lattice  of  circles.  Common/ge na ral/total 
approach  to  the  solution  cf  problem  for  the  arbitrarily 
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ar ranged/lccated  final  system  of  circles  will  be  indicated  N.  V. 
Lambin  (1934,  1939).  Precise  (in  the  form  of  a series)  solution  for 
the  lattice  of  the  circles  cf  distance  N.  E.  Kcchin  (194  1)  and,  in 
another  manner,  G.  S.  Samoylcvich  (1950).  He  calculations  of  the 
distribution  of  velocity  by  vortex/eddy  method  will  fulfill  B.  L. 
Ginsburg  ( 1950)  and  A.  I.  Ecrisenkc  (1955)  . For  the  construction  of 
theoretical  lattices,  are  mere  convenient  tie  final  expressions, 
which  correspond  to  the  flow  around  the  lattices  of  some  ovals,  close 
to  circles.  A classical  example  of  such  ovals,  which  are  obtained 
during  the  imposition  of  the  steady  flow  on  the  lattice  of  dipoles, 
was  improved  via  the  replacement  of  pcint  dipcle  distributed  along 
some  axis  intercepts  of  lattice  (E.  L.  Bloch,  1947),  also,  with  the 
addition  of  one  additional  point  dipole  in  the  center  of  this  cut  (E. 
I.  Eloch  and  A.  S.  Ginevskiy,  1949,  1953). 

Great  possibilities  of  obtaining  the  theoretical  lattices  of 
distarce  different  generalizations  of  the  theoretical  Zhukovskiy 
profiles  and  Chaplygin.  According  to  Joukowski's  method,  the 
composite  potential  of  the  ncncicculat ing  flew  around  single  circle 
is  applied  as  mapping  function 

2 { ' (3-4) 

to  certain  duct/contour  C in  plane  5.  which  cowers  point  5=0  whose 
flew  around  u\  u>>  (U  knewn  or  can  be  easily  found.  Then  in  plane  z 


DOC 


781  15301 


PAGE  -**-  iJr\ 


is  obtained  theoretical  profile  C,  (zc,  = z (&.,))  with  known  flow 
v (z)  (du\ldZ)  (di/dz).  for  obtaining  one  of  the  generalizations  of  method 
instead  of  the  circle,  is  taken  the  lattice  cf  circles  or  close 
cvals,  as  mapping  function  - the  composite  potential  of  its 
ncncircula ting  flow 

*-w(0  ■*;  + /(«.  (3.5) 

ard  instead  of  duct/contour  C - lattice  of  the  displaced 
circumferences  or  ovals  (S.  F.  Abrcmvoch,  1550;  L.  A.  Dorfman,  1952; 
M . I.  Joukcwski,  1 960). 

Face  119. 


According  to  Chaplygin's  method,  theoretical  profiles  are 
obtained  as  a result  of  conformal  mapping  cf  the  exterior  of  circle 

frca  plane  £ by  the  conversion  of  the  fora 

* (3°) 

where  analytic  function  F(£)  disappears  at  inficity  and  contains 
certain  number  of  free  parameters,  which  lay  out  of  airfoil/profile; 
with  P(£)  = 1/£  is  obtained  single  plate,  s.  A.  Chaplygin  himself  in 
1933  will  indicate  the  way  cf  obtaining  the  lattices  from  theoretical 
e ight- parameter  profiles,  generalizing  function  (1.12),  reflecting 
half-plane  to  the  lattice  of  plates.  Another  generalization  is 


ECC  = 781  15301 


PAGE  -*-5- 


V- 

obtained,  if  we  instead  of  1/5  take  analogous  according  to 
hydrodynamic  sense  function  f(£)  from  formula  (3.5): 


As  F is  taken  the  biparametric  lin ear- f ra ct iona 1 function,  used  by 

Chaplygin  for  obtaining  the  theoretical  profiles,  and  some  of  its 

I 

generalizations  (E.  L.  Eloch,  1947,  195^;  A.  S.  Ginevskiy,  1951;  E. 
1.  tJmncv,  1952;  E.  L.  Bloch  and  A.  S.  Ginevskiy,  1961),  the 
calculations  showing  that  the  form  of  the  ottained  airfoil/profiles 
(with  the  center  line,  close  tc  circular  arc)  weakly  depends  on  the 
geometric  parameters  of  lattice.  Tie  results  of  these  calculations 
together  with  numerical  investigations  are  utilized  for  the  shaping 
of  the  lattices  of  fans  and  axial- flow  compressors  (A.  S.  Ginevskiy, 
1953,  1961  ; S.  A.  Dovzhik,  1958;  K.  A.  Oshakcv  et  al.,  1960). 

Hany  other  examples  of  lattices  frcm  theoretical  profiles  they 
supply/deliver,  beginning  with  the  first  solution  of  N . Ye. 
Joukomski,  the  jet  streams  which  can  be  considered  as  lattices  of 
kalf-bcdies  with  the  hardened  jets,  and  alsc  the  lattices, 
constructed  with  the  specified  distribution  of  velocities.  Actually 
construction  is  always  kncwn  the  r epresenta tic > of  the  exterior  of 
these  lattices  onto  canonical  range,  and  they  have  certain 
distribution  of  velocity  under  the  design  conditions  of  flow, 
changing  it  under  any  other  conditions  according  to  formula  (3.3). 


ECC  = 781  15301 


PACI 

after  the  development  of  the  effective  methods  cf  the  solution  o 
straight  line  and,  especially,  the  inverse  problems  of  the  lattice  of 
theoretical  profiles  to  a considerable  degree,  they  will  lose  their 
practical  value,  remaining,  however,  standard  fcr  estimating  the 
accuracy  of  the  approximate  and  nuaerical  methods,  and  also  for  the 
construction  cf  good  first  approximation  or  basic  part  of  mappinq 
function  during  calculations  the  flows  aroutd  close  lattices  (L.  A. 
Dcrfman,  1962,  N.  N.  Polyakhov,  1 9 f 2 ; V-  P.  Chcprasov,  1 958  , etc.). 

The  effective  solution  of  all  tasks  of  the  cascade  theories  can 
be  obtained  with  the  aid  of  the  second  general  idea  of  the  periodic 
analytic  limited  at  infinity  function  F(z)  in  the  form  of  a series  on 
the  derivative  cth  xz,  which  follows  from  its  integral  representation 
(3.1)  (G.  S.  Saaoylovich,  1950): 

oo 

2 -^r1  *-<*+!>  -£-cthx*+/i.  (3.8) 

Vt«a0 

% 

Page  120. 

This  series  generalizes  expansion  according  to  the  negative  degrees 
of  z analytic  function  cut  cf  single  airf o i 1/prcf ile  and  coincides 
with  the  degenerate  case  of  the  known  representation  of  the 
tiperiodic  functions  through  the  derived  G-functions  of  Weierstrass, 
what  is  the  advantage  of  series  (3.8)  in  the  relation  to  other 
possible  expansions,  for  example,  according  to  degrees  «*x i>  xs  (L.  I. 
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Sedov,  1950)  or  to  degrees  ctli  xz  (K.  N.  Polyakhcv,  1959).  In  circle 
1 2 1 <t , function  F(z)  is  decc mpose/e xpa nded  in  Laurent  series,  the 
coefficients  of  correct  part  of  whom  by  known  form  are  expressed  as 
th  € coefficients  of  its  principal  part  (and  of  a series  (3.8)): 

***  ‘tu  s'. 

Fl 7.)  Viril  .if  I V .»  V ' ( l)'"n»ltkc.  J,  ... 

11  & *«  ' 1 2jz  2j  k (k~ «— 4)r«T — * ’ i J 

Ba  1 n — U A f 1 

where  - Bernoulli  number  B0=1,  Bj=0,  Bz=1/6...). 


Utilizing  series  (3.8)  and  (3.9),  G.  S.  Sa moy lovich  will  give  in 
1949  idle  time  the  exact  solution  of  the  tasks  of  the  flow  around  the 
lattice  of  circles  and  lattice  from  arbitrary  airfoil/profiles  as 
expansion  of  the  function,  reflecting  the  eguivalent  lattice  of 
circles  into  the  assigned  lattice,  in  N.  E.  Kochin’s  settinq,  i.e., 
considering  known  the  representation  of  sincle  circle  onto  its 
a irf cil/prof ile.  This  solution  in  the  ideal  fcrx  answers  a question 
concerning  the  role  of  the  angle  of  setting  the  fixed/recorded 
airf  oil/picf  ile  in  lattice  and  its  densenesses,  and  also  the 
constructions  of  theoretical  lattices  with  any  number  of  parameters. 

The  representation  of  the  composite  velocity  T(z)  in  the  form  of 
series  (3.8)  has  clear  hydrodynamic  interpretation  as  imposition  of 
the  velocities  of  the  uniform  flow  and  lattice  of  eddy /vort ices  and 
multipcles  of  all  orders.  In  particular,  the  necessary  number  of 
first  terms  of  the  expansion  of  this  velocity  in  the  solution  of  the 
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problem  of  the  flow  around  the  lattice  cf  circles  corresponds  to  the 
lattice  of  ovals,  hew  conveniently  close  tc  circles. 

G.  S.  Samoylo vich  • s results  are  utilized  fer  the  construction  of 
the  tables  of  the  flow  atcurd  the  lattice  cl  circles  with  the 
ccntrclled/inspected  accuracy  over  a wide  range  of  densenesses  (E.  I. 
Umnov,  1952)  and  in  the  task  of  the  flow  arcund  the  lattices  of 
ellipses  (D.  A.  Voytashevsk iy,  195  3).  Series  (3.8)  and  (3.9)  are 
applied  as  analytical  vehicle  during  the  scluticn  of  direct  and 
reverse/inverse  problems  in  periodic  latticed  ranges  and,  in 
particular,  for  the  numerical  representation  of  this  lattice  onto  the 
lattice  of  circles  (L.  A.  Eorfman,  1952)  and  of  the  construction  of 
lattice  with  distribution  cf  the  velocity,  assigned  on  circumference 
in  the  equivalent  lattice  cf  circles  (G.  Yu.  Stepanov,  1953;  M.  I. 
Joukowski,  1 954) . 

Jet-edge  tasks  are  simpler  in  that  sense,  that  the  jet 
boundaries  become  infinite,  in  other  words,  the  infinite  point 
lie/rests  on  boundary  of  the  regior,  and  all  the  jet  streams  are 
equivalent  to  each  other  and  are  reflect/represented  to  one  and  the 
same  canonical  range,  fer  example^ on  the  average  without  the  center 
(see  Fig.  2f) . 

The  first  generalization  of  ^"huko  vski  y - Chaplygin's  jet-edge 
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task  gave  in  1934  N.  I.  Akhiyezer,  who  constructed  the  flow  around 
the  lattice  of  plates  (according  tc  the  schematic  of  S.  A.  Chaplygin 
- A-  L.  Lavrentyev)  with  the  descent  of  jets  from  trailing  edge 
and  certain  point  after  entering  edge;  on  the  latter  in  this  case, 
the  velocity  becomes  infinite  as  during  continuous  flow.  Then  studied 
the  flow  around  the  final  system  of  plates  according  to  the  same 
schematic  (V.  H . Abramov,  19 36) lattices  with  the  descent  of  jets  at 
twe  points  of  plate  (I.  M.  Eelen'kiy  and  I.  E.  Zelenskiy,  1938),  of 
lattice  from  the  broken  a ir  f oi  1/pr  c f iles,  consisting  of  the  segments 
cf  two  lines  (N.  V.  Lambin,  1944).  In  all  enumerated  examples  the 
solution  easily  is  obtained  according  to  the  hodograph  analysis  of 
velocity  whose  range  has  so  simple  form  that  the  composite  potential 
in  it  is  constructed  directly  or  via  conformal  mapping  from  canonical 
range. 

lage  121. 

The  hodograph  analysis  of  velocity  will  render/show  the  sufficiently 
effective  resource  the  solution  of  the  reverse  problem,  moreover  not 
only  for  jet  streams.  The  area  of  the  hedograph  of  velocity  is 
assigned  sufficiently  simple  form,  for  example,  by  the  limited 
circumference  or  the  inversion  of  parabola  (L.  A.  Simonov,  1940, 

1941),  by  circular  sector  or  the  rounded  off  lune  (G.  Yu.  Stepanov, 
1949,  1962)  or  finally  ty  the  region  of  more  general  view  which  then 
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is  ref lect/represented  cn  the  average  with  the  aid  of  EG  DA . In  the 
latter  case,  it  will  be  possible  to  acccuplish  cf  a series  of 
requirements  for  the  distribution  of  velocity  cn  airfoil/profile 
during  design  conditions  cf  flow  (livitaticr.  of  maximum  speed  and 
pressure  gradients)  and  to  construct  lattices  with  practically 
important  properties  in  the  flow  of  the  compressed  viscous  fluid  (G. 
Yu.  Stepanov,  1950,  1962). 

The  hodograph  of  the  rate  of  "et  strean  is  assigned  in  the  form 
cf  certain  region  (Fig.  8a).  The  characteristic  parameters  are  the 
angles  of  entrance  and  output  a,  and  a2  and  of  velocity  on  back  and 
the  concave  surface  of  a ir f cil/pro f ile  v'  and  i>~,  constants  on  some 
sections.  Then  is  manufactured  the  model  of  region  in  the  form  of 
electrolyyic  bath,  and  according  tc  the  already  mentioned  method  of 
"division"  is  conducted  its  conformal  mapping  cn  the  average  (Fig. 

Gb)  , moreover  the  length  of  cut/section  with  v = v' is  selected  from  the 
condition  of  coinciding  the  critical  point  d*/d6=0,  9 = 0O)  with  point 
v=  0.  After  obtaining  of  point  conformity  tc  circumference  and 
duct/contour  of  hodograph,  the  cascade  profile  (Fig.  8c)  is 
ccnstructed  by  the  graphic  or  numerical  integration: 


where  the  velocity  potential  on  the  circumference 


j 
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H,(0)  (3.11) 

(I'  si  n a, , <J-=vtt  cosa,,  U,  ~ + jia,). 

>s  a result  of  construction,  is  known  the  ccnformity  of  the 
duct/ccntour  of  a i r f oi  1 / prof  i le  and  circuit  f erence  s=s(0)  ; therefore 
the  rate  of  flow  v'  under  any  off-design  conditions  is  expressed  by 
f craula  (3. 3) 


»'  (0) 
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According  to  described  method  were  ccnitructed  several  series  of 
lattices  over  a wide  rarge  cf  a change  in  parameters  a,,  as,  v' , v~, 
satisfying  the  basic  necessities  ct  gas  tuctine  engines  >. 

FC  Cl  NOTE  * . It  should  be  noted  that  the  analogous  methods  shaped 
abroad  were  developed  mere  lately  (Zt.  Bevyuz,  Pech.  aeronaut.,  1953, 
No.  21,  21-24;  M . Khakeshmidt,  ZAPIfl,  1561,  41;  Ecnderu.,  13  3-  1 34). 

E N DFOCT  NOT  E . 


The  developed  method  was  then  generalized  ir  the  cases  of  motionless 
circular  and  double-row  lattices  (G.  Yu.  Stepanov,  1*  53,  1 962)  . 

In  a number  of  the  jet  streams  through  lattices,  they  deserve 
reference  several  problems  cf  the  flew  around  tedies  in  channels  with 
parallel  walls.  These  problems  as  a result  cf  the  analytical 
continuation  of  the  flow  through  tie  walls  cf  channel  give 
simultaneously  the  transverse  flew  arcurd  tie  corresponding  lattice. 
The  first  cf  such  solutions  telcngs  to  N.  E.  Jcukows*i,  whom  it 
examined  in  1890  by  its  method  the  jet-edge  flew  around  the  wedge. 
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symmetrically  arrange/located  between  parallel  walls,  which 
corresponds  to  the  lattice  cf  wedges  (s ymm e t r i c a 1 broken 
airfoil/profiles).  Were  solved  the  analogous  problems  of  th» 
flat-plate  flow  and  wedge  according  to  the  diagram  or  Efros  with  the 
recurrent  stream,  exiting  to  another  sheet  cf  flow  pi.ane  (M.  I. 
Gurevich,  1946,  1953),  circle  and  ellipse  ( Ya.  R.  Barmann,  1949), 
scie  curvilinear  arcs  with  the  special  distribution  of  speed  (G.  N. 
Fy hhteyev,  1 955) . 

From  a series  of  special  jet-edge  diagrams  and  methods  of  their 
study,  described  in  M . I.  Gurevich's  generalizing  mouograph  (1961) 
and  in  his  survey/coverage  in  present  volume,  tc  lattices  were 
applied  recently  the  mentioned  diagram  cf  Efros,  - Zuukovskiy  - 
Rcshko's  diagram  with  the  output  of  jets  tc  rigid  diL ect/straight 
walls  and  diagram  to  Chaplygina  - Yac  -Tsu  vith  the  transition  of 
jets  to  equidistant  flow  lires  (A.  G.  Terent'yev,  '\%1)  . Last/latter 
diagram  is  obtained  from  S.  A.  Chaplygin's  known  diagram  (1899)  with 
the  limited  jet-edge  zore  in  the  vicinity  cf  rear  critical  points  on 
ai rfcil/prof iles,  if  is  net  satisfied  the  ccndition  of  the 
closu  re/isclation  of  flew  as  a whole  (u,*  coa  a*  < v2t  co«  a*). 

The  most  general  sclution  of  the  problems  cf  tha  jet-edge  flow 
aicund  the  arbitrary  systems  cf  piecewise  siiccth  duct/cont ours  and 
lattices  gave  L.  1.  Sedov  (1938,  1550),  after  modifying  Joukowski's 
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method  so  that  in  plane  parametric  the  variable  u (sae  Pig.  2a)  the 
ftotlem  it  is  reduced  tc  the  nixed  hcu n ca r y /e dc e who^e  solution  is 
located  from  the  functional  equation  of  relatively  unknown  function 
a = a(u)  (angle  of  tangent  inclination  to  d uc  t /cc  r touri  . The  solution 
cf  this  equation  is  simplified  to  quadratures,  if  streamlines  consist 
of  the  segments  of  the  lines  (tc  which  it  corresponds  a = const)  , and 
also  for  the  inverse  problem,  in  which  is  assigned  function  v (u)  , 

and  a (u)  is  determined  with  an  accuracy  tc  seme  constants. 

All  the  examined  atove  methods  cf  the  sclution  of  the  problems 
cf  the  cascade  theories  in  cne  cr  the  ether  fern  contained  the 
solutions  cf  linear  bou r d ar y- va lue  problems  (Dirichlets,  Neumann  or 
mixed)  for  harmonic  functions,  in  the  majority  cf  the  cases  of 
uniform  or  piecewise-un i f c r m problems,  and,  as  a rula,  the  selection 
cf  the  unknown  function,  the  form  cf  canonical  regiou  and  the  methods 
of  calculations  specially  they  were  not  based.  Eetwean  the  fact 
precisely  on  this  side  cf  a question  depend  the  success  of  the 
sclution  of  problems  and  the  effectiveness  cf  results,  that,  in 
particular,  most  clearly  shewed  the  works  cf  Moscow  school  in  the 
problems  of  the  cascade  theories  from  fine/thic  air  foil/ prof iles  and 
jet  streams. 

Gcod  results  both  in  straight  line  and  in  teverse/i nverse 
ftcblems  gives  solution  of  heterogeneous  bctrcary-vaiue  problem 
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relative  tc  the  function  cf  Joukowski  (cr  tie  logarithm  of  composite 
velocity)  in  half-plane,  circumference  cr  lend. 

Face  123. 


Fcr  the  illustration  of  the  developed  methods,  is  given  below  the 
simplest  example  - the  lattice  of  balf-fcodies  - in  puysical  plane  and 
is  examined  function  In  v (£)  I u v — ia  *n  unit  circle  in  plane  Z (Fig. 
Gfc)  with  the  transition  c£  the  infinite  points  2=+~  respectively  into 
points  Z=0  and  Z=1.  If  is  known  the  conformity  cf  ths  boundaries  of 
aitfoil/prcf  ile  and  circumference  2 = exp  t«,  « = « (0),  tuen  according  to 
Schwarz's  integral  in  circle  ) Z l < 1 


i„il£>  = * 


2n  iO 

(»•  12) 


and,  in  particular,  on  the  circumference 


v(0)  n,exp~  ^ dfl;  (3.13) 


it  is  analogous 


<Q.  , l o(0)  . 0-0  ... 

a (0)  a.  3 \ In  cl*  — dti. 


(3.14) 


Cuadratures  (3.13)  and  (3.10)  are  equivalent  tc  the  representations 
cf  functions  In  v (0)  and  a (0)  by  the  con jugat e d/cos bined  Fourier 
series.  In  the  center  of  the  circle 
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2h 

v,  exp  ^ lu  v (0)  dO, 

A 

(3.15) 

u , 

2n 

“•'•■ar  I “(*)*•  . 

(3.16) 

0 


Formulas  (3.  1 3) - (3. 1 6)  give  tie  tasis  of  solution  of  direct  and 
te verse/in  verse  problems  for  the  lattice  of  half-bodies. 

In  direct  problem  is  known  the  function  qr|s)  (With 
disccntinuity/interruptic n on  n at  the  critical  point  of  smooth 
airfoil/profile).  The  angle  of  entrance  a,  and  relative  velocity  on 
airfoil/profile  are  expressed  respectively  ly  irtegnls  (3.13)  and 
(3.16),  in  which  function  a (6)  =a(6(s))  it  is  lccateu  by  successive 
approximations,  on  the  iasis  of  the  ccnpariicn  of  the  potentials 

<p(0)  — (p(O„)  =.«(,(*),  (3.17) 

where  <t  (tf)  is  assigned  ty  formula  (3.11)  and  *{>(*)==  \ v (*)  ds.  The  procedure 

o 

indicated  corresponds  tc  the  solution  cf  nonlinear 
integrod if ferentia 1 eguaticn  relatively  a (6): 

4A'(a>MiJ  « (8) «)-<**!•)  X 
0 

2 n 

Xcxl,{i'  J !«(»)- a (0)|ct*^l  dft}  , (3.18) 

0 

in  which  K (a)  =da/ds  - curvature  cf  the  duct/ccntouL  of 
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airfoil/profile,  a - the  angle  cf  tangent  inclination  (under  integral 
- the  angle  of  the  slope  of  the  velocity). 

Page  124. 

This  is  equation  analogous  with  the  mentioned  atove  functional 
equation  jet-edge  problem  (L.  I.  Sedov,  1936,  1550)  in  the  extreme 
case  of  degenerating  the  jets  into  the  infinite  point  z=*».  An 
experiment  in  the  calculations  shoved  that  the  successive 
approximations  converge  veil,  and  the  described  method  can  be 
considered  most  effective  from  known  ones;  ft  it  is  possible,  in 
particular,  to  utilize  for  checking  and  refining  different 
approximate  solutions  (L.  A.  Simonov,  1945,  1947;  G.  Yu.  Stepanov, 

1953,  1962). 

Solution  of  the  reverse  prcblen  during  tie  distribution  of 
velocity  v = v(s),  assigned  or  air f o i 1/ p r of i 1 e , is  given  by  quadrature 
(3.14),  in  which  function  v(6)=v(9(s))  immeciately  it  is  located  from 
equation  (3.  17)  . 

Similar  methods  repeatedly  were  proposed  and  were  applied  both 
for  the  lattices  and  for  single  a i r f c i 1/pr c t i 1 es.  Integrals  of  the 
type  cf  of  those  entering  formulas  (3.13)  ard  (3.14)  were  calculated 
ty  applying  of  quadrature  formulas,  harmonic  analysis  and  different. 
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adjoint  functions  (L.  A.  Simcncv,  1945,  195C,  1 557  ; id.  M . 

Serebr iysk iy,  1944  ; S.G.  Nuzhin,  1947;  G.  Yu.  Stepanov,  1952). 
Eepending  on  the  formulation  of  the  problems,  appear  supplementary 
difficulties  in  connection  with  the  determination  of  the  permissible 
parameters  of  the  problem.  Thus,  for  instance,  d{urin^  the  solution  of 
the  reverse  problem  the  distribution  of  velocity  and  the  flow 
parameters  at  infinity  cannot  fce  assigned  arbitrarily,  they  must 
satisfy  some  supplementary  conditions,  equivalent  to  the  conditions 
cf  closure/isolation  and  univalence  of  cascade  profiles. 

The  special  presentation  cf  the  theory  of  reverse/inverse 
boundary- value  problems  with  numerous  hydrccynanic 

application/appendices  is  in  the  mcncgraph  cf  S.G,  Nuzhin  and  G.  G. 
Turoasheva  (1955,  1965).  Inverse  problems  were  sclved  for  a single 
airfoil/profile  (L.  A.  Simcncv,  1945;  G.  G.  Tumashev,  1946;  G.  I. 
Kostychev,  1958),  for  airfoil  cascade  during  mapping  onto  ring  (G.  G. 
Tumashev,  1949),  onto  the  lattice  cf  plates  without  carrying  out  (L. 
t,  Eorfman,  1952)  and  onto  the  lattice  cf  circles  (G.  Yu.  Stepanov, 
1953;  N.  I.  Joukowski,  1954),  for  a circular  grating  (V.  V.  Philipp, 
1952;  Yu.  T.  Borshchevskiy,  1959),  the  arbitrary  final  system  of 
airfoil/profiles  (R.  M . Nasyrov,  1553),  of  three-  and  broadside 
arrays  (A.  M.  Kazban,  1557,  19t4),  two-  and  triple  lattices  (F.  M. 
rukhametzyanov,  1964) . 
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It  is  analogous  as  heterogeneous  t cun  da r y/edge  u ounda ry-value 
problems,  are  solved  questions  concerning  elfect  on  the  potential 
flow  through  the  lattices  cf  snail  stationary  and  unsteady 
def crmations  of  airfoil/prcfiles,  and  also  the  notion  of  lattices, 
including  rotations  of  circular  gratings. 

The  calculation  of  effect  on  the  flow  cf  snail  reformations  of 
the  duct/ccntour  of  a ir f o i 1/pr c f i le  and  walls  cf  narrow  channel  was 
one  of  the  important,  computational  app  1 icat  ion/appenu  ices  of 
variational  methods  of  the  theory  cf  ccnfornal  mappings,  developed  by 
K.  A.  Lavrentyev  during  the  years  1930-1946  and  used  first  of  all  to 
the  problem  cf  the  existence  cf  defined  classes  cf  wave  and  -jet 
streams. 

During, small  stationary  deformation  of  all  airfoil/pr  of  iles  in 
lattice,  the  conformal  conformity  cf  the  boundaries  of 
airfoil/profile  and  canonical  region,  necessary  for  calculating  the 
integrals  in  formulas  of  type  ( 3. 1 2) - (3 . 16 ) , is  considered  coinciding 
with  this  conformity  for  the  undefcrnec  a i r f c i 1/profi le,  and  in 
higher  example  in  question  small  displacement  cf  the  corresponding 
points  on  circumference  A6  is  calculated  by  quadrature  as  function, 
ccij jugate/combined  of  normal  (radial)  deformation  Ap=An(d0/ds)  (An  - 
ncrmal  deformation  of  the  duct/contour  cf  a ir  f c i 1/pro  f ile)  . Otherwise^ 
it  is  possible  to  directly  use  formula  (3.13)  relative  to  small 
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increases  Av  and  Aa: 

2a 

At>(H)  |Aa(#)  -Aa(0)Jrlgl^ld».  ' (;u<i) 

Fage  125. 

Fegarding  the  deformation  cf  a it f o i 1/pr cf i les  it  is  such,  that  the 
tef inements  of  the  confciBity  cf  boundaries  is  not  raguired.  However, 
this  can  be  refined  for  the  evaluaticn  cf  the  accuracy  of  result  or 
during  the  solution  of  direct  problem  of  the  flew  around  the  lattice, 
clcse  to  given  one  (theoretical)  with  known  napping  onto  canonical 
region  which  is  taken  as  the  first  ap p r cx i n e t ic n. 

The  problem  of  the  arbitrary  unsteady  deformation  of 
air fo il/prcf iles  or  their  metiens  during  constant  circulation  in  the 
potential  flew  is  reduced  tc  calculation  by  the  guadcatures  of  type 
(3.13)  of  supplementary  tangent  to  duct/contcer  component/ term  v, 
velocity  on  its  given  ore  normal  cc  mp  cnen  t/ 1 er  n v„  or  to  the 
solution  of  the  corresp c nding  heterogeneous  problem  relative  no  the 
function  of  current  or  streaming  petertial  cf  "displacement".  The 
first  task  of  this  type  - about  the  plane  metier  of  liquid  in  the 
triangular  cavity  of  the  rotating  body  - was  solved  oy  N.  F. 

Jcukowski  in  1885  (this  task  refers  to  flew  in  the  rotating  radial 
lattice  with  direct/straight  blades).  The  rotation  ol  single 
fine/thin  airfoil/profile  and  two  airf cil/pref i les  tandem  was  studied 
by  L.  I.  Sedov  in  1935;  then  it  gave  cc mmo n/gerer al/t otal  approach  to 
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the  solution  of  similar  prctlems  within  the  f taaewou  of  the  theory 
of  fine/thin  airf  o i 1/p  r c f i le . The  ccir  me  n/ge  net  a 1/toti  1 properties  of 
the  flew  through  the  rotating  circular  grating  end,  in  particular, 
its  conformal  mapping  ortc  straight  lire  it  examined  P.  A.  Walter  in 
1926.  The  tasic  problems  cf  the  flew  aicund  sue!  lattices  are  solved 
ty  G.  I.  H a y kaparorr,(  1 94  9 , 1953,  1956,  1566),  ly  I.  A.  Dorfman  ( 1956), 
ty  T.  S.  Solomakho voy  (1966).  Ir  relative  metier  through  revolving 
gates,  is  obtained  uniform  task  for  a stationary  flow  with  the 
constant  eddying  rot  r = -2u>  (u-const  - angular  rate  of  rotation). 

The  mere  complex  problem  cf  flew  with  the  assigned  (constant)  eddying 
cf  the  incident  flow  was  solved  for  the  single  projection  of 
flat/plane  wall  (S.  A.  Chaplygin,  1935),  of  limited  vikhrev  regions 
in  the  potential  flew  ( (* . A.  Lavrent'yev,  1959;  P.  A.  Gol'dsht.ik, 

1962),  the  transverse  symmetrical  flew  around  tie  lattice  of  circles 
with  the  "saw-tooth"  a i i f c i 1/ p r c f i 1 e cf  inlet  velocity  (O.  N. 
Ovchinnikov,  1961). 

Produced  survey/ccver ace  makes  it  possible  to  assert  that  basic 
part  of  the  contemporary  hydrodynamic  tleor)  of  lattices  (the  cascade 
theory  from  arbitrary  a ir f c i 1/ pr of  i les  in  flat/plane  potential 
incompressible  flow)  was  created  in  our  country.  The  solutions  of  the 
majority  of  problems  were  cbtaired  mete  earlily  or  independent  of 
foreign  works,  had  clear  practical  directionality  ana  important 
technical  a p pi i cat  ion/a  ppe  r,  dices. 
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Tc  1940  was  created  the  cascade  theory  ftcn  fine/thin 
aitfoil/prof iles,  were  obtained  the  general  ideas  analytic  functions 
in  latticed  region,  are  numerically  solved  ty  vertex/eddy  method 
different  problems,  was  constructed  a series  of  new  examples  of  jet 
streams,  was  used  method  of  EGCA. 

To  1950  is  constructed  and  used  in  practical  tar  get/purposes  the 
vast  class  of  lattices  item  theoretical  profiles,  arj  obtained 
precise  (in  the  form  of  a series)  solutions  of  problems  of  the  flow 
around  the  lattice  of  circles  and  lattice  fren  arbitrary 
airfcil/prcf iles,  are  examined  all  the  basic  ccrcepta  of  jet  streams, 
is  proposed  the  method  of  the  shaping  of  lattices  on  the  assigned 
hodegtaph  of  velocity  with  the  app 1 ica t ion/ use  of  EGO  A for  conformal 
napping,  are  constructed  the  solutions  of  sene  inverse  and 
direct/straight  problems  as  bcurda r y/e dge  ir  canonical  regions.  All 
these  investigations  were  directed  toward  tne  satisfaction  of  tae 
practical  reguirements  of  aviaticn  and  energy  terbina  construction. 

During^the  subsequent  years  the  methods  indicated  received 
further  development  and  numerous  practical  app  1 icatijn/uses.  For  the 
solution  of  direct  problem,  were  utilized  vcrtei/eddy  method  from 
ElsVH  [ ;»UU,\1  - digital  computer]  and  the  method  of  conformal 
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mappings  from  EGDA. 

Fage  126. 

Inverse  problem  (shapings  cf  lattices)  vas  solved  according  to  the 

hcdograph  analysis  of  velocity  and  as  bcun dar y/edge.  Were  examined 

also  some  special  questions  of  the  cascade  theories.  The  results  of 

theoretical  studies  and  calculation  widely  vere  utilized  in  industry  1 

and  they  were  generalized  in  special  monographs  (L.  l . Sedov,  1939, 

1950;  N.  Ye.  Kochin,  1999;  P.  Ye.  Ceutsch  and  G.  S.  S amoy 1 ov ich,  i 

1959;  P.  I.  Zhukovskiy , 1960 ; G.  Yu.  Stepanov,  1962). 

V 

3 

§ 4.  Lattice  in  plane  flow  cf  the  compressed  and  viscous  fluid. 

Contemporary  t ur be  mac h ines  usually  work  at  the  limited  subsonic 
velocities  of  flow  and  vith  low- v i sees ity  liquids;  therefore  the 
compressibility  effects  and  ductil ity/toug hress/viscosity  are  small, 
although  in  practice  precisely  these  effects  determiue  the  technical 
characteristics  of  tur be  machines.  In  the  cascade  theory,  as  in 
airfoil  theory,  the  account  to  compressibility  and  tae  viscosity  of 
medium  is  conducted  on  the  tasis  of  the  general  methods  of 
hydrodynamics,  and  also^this  experimental  investigations. 

The  common/general/total  properties  of  the  flat/plane 
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ircotational  flow  of  the  gas  through  the  lattice  depend  on 
characteristic  number  M — vlvM  cr  given  velocity  \ (speed  of 

scund  v.,k  = V VP/|*.  critical  speed  «v  — j,  2yp*/{v  1 1)  |A  where  p*  and 
(.*  - pressure  and  density  cf  tie  i sen  1 1 c pic  all  y stagnation  gas,  j 

- adiabatic  index) . 

The  equation  of  continuity  (1.3)  for  tie  general  case  of  the  jet 
stream  cf  gas  takes  the  for* 

Pi »txt  - (1  - a)  p 2vlxt,  (4.1) 

where  according  to  the  equation  of  Eernculli 


i 


force  H which  acts  on  the  unit  of  tie  length  of  blade,  is 

determined  most  simple  from  the  theorem  abcct  ucmentum 

(>2f  2x  (1  — °)  t — Plwl at  ( Pi  Pi)  t R*> 
l<2Vtxvly  (i  — °)  f — Pl»i*M  ““  My‘ 

Fcr  continuous  flow  (a  = C)  cf  expression  Rx  and  they  are  united 

N.  t 

and  give  a precise  generalization  of  tfce^Jcukowski  tneorura  for  a 
cascade  prefile  in  the  flow  cf  gas  (L.  I.  Sedov,  194t»;  G.  Yu. 
Stepanov,  1949)  ; as  a result  of  passage  to  tie  limit  t-*-  when 
T = const  from  this  generalization  it  fellows  (fcr  a single 
airfoil/profile) 

H = tp<M,i’o.r»  (4.4> 

(This  propagation  of  Joukowski  thecrem  in  tie  case  ol  the  flow  of  gas 
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was  for  the  first  time  proved  for  sufficiently  small  subsonic  speeds 
in  1934  N.  V.  Keldysh  ard  F.  I.  Frar.kl).  Here  proposed  also  different 
approximations  of  force  F,  acting  cn  a ir f o i 1/p r cf ile  in  lattice, 
retaining  form  (4,4)  (B.  £.  Stechkin,  1947  ; I.  G.  Loy  tsy  ans  k iy  , 1949; 

F.  li.  flerzen,  1 94  9). 
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The  basic  idea  of  theoretical  studies  cf  the  flat/plane 
irrotational  flow  of  gas,  realized  by  S.  A.  Chaplygin  in  1902,  is 
passage  frem  nonlinear  equations  cf  motion  in  flew  plane 

Ow  i>*  0\to  1 

y*  * y cos  a * -J- = ■* — , I 

°*  • (•  <'V  l //  r.v 


vu  v sin  a i 


to  linear  equations  in  the  hodograph  plane  cf  speed.  The  latter  in 
the  form  of  L.  S.  Leybenzon  (1935)  take  the  fern 

(4.0> 

where  K=(  p*/P) * (,1-M*)  - the  function  of  S-  A.  Chaplygin  and 
dt  _ V 1— M‘dv/v.  In  connection  with  the  fact  that  equations  (4.5)  and 
(4.6)  as  a result  of  passage  tc  the  limit  with  M*0  aie  converted  into 
the  equations  of  motion  cf  the  i ncc m p tessi t le  fluid,  but  the 
compressibility  effect  cf  gas  or  all  flew  parameters  at  small 
subsonic  speeds  is  small  (it  is  cf  the  erder  Ma)  , in  the  majority  of 
theoretical  studies  are  utilized  tie  corresponding  flows  of  the 
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incompressible  fluid  atcund  constart/i nvar iafcle  (as  the  first 
approximation)  or  defcried  air  f ci  1/prcf  iles  ( F . A.  Val'ter,  ‘>'332-1936; 
N.  A.  Slezkin,  1934  ; S.  A.  Khr is t i a no v ich  , 194C;  L.  i.  Sedov, 

1946-  1 949)  . 

In  practice  for  a single  a irf cil/prof i le  ard  than  for  airfoil 
cascade  were  utilized  different  ap p r ox  i i at ic n f cruuliS  of  form 
v = v (V,  M*)  for  the  "r  ec  a leu  la  t ic  r " cf  speeds  V cf  t ha  incompressible 
fluid  around  the  same  a ir  f c i 1/ p r c f i le  (S.  A.  Khristianov ich  and  Ya. 
r.  Serebriyskiy  , 1942,  1944;  V.  S.  Pclyadskiy,  1943;  S.G  Nuzhin, 

1946;  G.  F.  Eurago,  195C,  etc.).  Fcr  airfoil  cascade,  this  method  is 
generally  little  suitable.  At  lew  speeds  fcr  the  fina/thin  weakly 
tent  airfoil/profiles,  is  mest  substantiated  the  simplest  correction 

P 

cf  prandtl  - G1  auy  erfc  u **  V/^l— Accordingly  ertire/all  the  cascade 
theory  of  a small  denseness  frem  fine/tbin  a i r f ci  1/pr  of  i les  is 
directly  spread  to  the  case  of  the  flow  of  gas  ty  the  affine 
transformation  of  the  flew  (lane  of  the  i nc c m pr essibl e fluid  - 
elongation  in  relation  1/K 1— ML  in  the  direction,  perpendicular  to 
the  average  speed  of  f lew  (e-  =^i/t  (t>t  + r2)).  It  is  inportint  that  in  this 
case  change  the  space  and  the  angle  cf  forward  projection  of  lattice. 


For  airfoil  cascades  of  arbitrary  form,  is  applied  the 
approximation  method  of  5.  A.  Chaplygin  (19C2),  according  to  whom 
real  dependence  (4.2)  of  gas  density  cn  speed  is  replaced  by  that 
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fci  Chaplygin's  gas,  adiabatic  curve  />(>  v const  is  replaced  by 
straight  line  in  coordinates  (p,  p~l)  ( the i « for e} metu od  calls  also 
the  method  of  the  linear  approx  its  aticn  cf  acialatic  curve)  , and 
Zhukovskiy  * heorem  for  a lattice  is  proved  tc  be  valid  in  its  usual 
form  (4.4),  if  is  is  counted  p“‘=1/2(  p 1 ♦ p 1 ) (L.  G.  Loytsyansk  iy, 

1848)  . 

The  theory  of  the  flcv  arcurd  a i r f ci 1/ p r c f i le  ia  this 
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ap p toach/approxima t ion  for  jet-edge  and  ccctinucus  no  ncirc  u la  t or  y 
flew  was  developed  by  N.  A.  Slezkin  (1935,  1537),  also,  abroad  K. 

Jakol  (C,  r.  Acad.  Sci.,  1936,  203:7,  423-425),  E . Tsymein  ( J,  Aeronaut. 
Sci.,  1939,  6:10,  399-4C7)  et  al. ; circulation  flows  examined  in  1940 

cf  S.  A.  Khristianovich  and  in  1946.  L.  I.  Sedcv,  Ts  Lin^  (Quart. 
Appl.  Math.,  1946,  4:  3,  291-297)  and  P.  Zhermen  (C,  r Acad.  Sci., 

1946,  223:  1 5,  532-534)  . 

As  a result  of  developing  this  theory,  all  methods  of  the 
solution  of  the  problems  cf  the  flew  atcund  hydrodynamic  lattices  of 
the  incompressible  fluic  were  generalized,  in  Chaplygin's  approximate 
setting,  for  the  case  of  the  sufscric  flow  cf  cas. 

First  of  all,  to  any  jet  stream  (cr  the  flew  through  the  lattice 
cf  ha  1 f- bo d ies)  , e xam i ne/cc r si de re d in  plane  5,  according  to 
r e lat ionsh i p/ratios  (4.8)  it  answers  tfe  flew  cf  the  gas  through  the 
deformed  lattice,  which  has  ancther  period 

r,  r-c*(A,tf'“»)*r,  (4.9) 

ancther  thickness  of  jets  at  infinity  and  ancther  rare  of  flow  (G. 

Yu.  Stepanov,  1949;  G.  A.  Eugaenko,  1945). 

During, the  constructicn  of  lattice  on  the  assigned  hodograph  of 
speed,  is  assigned  the  range  cf  the  hodograph  cf  th»  fictitious  flow 
cf  inccmpressible  fluid  V = K#*ta,  in  it  is  deterained  the  composite 
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potential  w=w(V),  after  which  the  boundary  cf  tie  fluw  of  gas  they 
are  located  by  contour  integration  cf  the  hcdocraph: 

dz (4.10) 

In  the  more  complex  case  cf  continuous  flow,  composite  potential  at 
the  terminuses  of  vectors  V,  and  V2  has  logarithmic  special 
feature/peculiarities  (sources  cf  vortex  intc  vertex  drain)  with  the 
intensities 

* 1.2  ±(»inai,2  I «■«««,, (4.11) 

For  obtaining  the  physically  real  flews,  it  is  necessary  to  ensure 
coincidence  critical  of  points  dw/dV^O  with  pcirt  V=U,  which  is 
reached  via  the  appropriate  selection  cf  the  parameters  of  flow  or 
form  of  the  duct/contour  cf  hodegraph.  Thus,  tie  described  in  6 3 
method  of  the  shaping  of  lattices  is  spread  to  the  flow  of  gas, 
moreover,  under  the  design  conditions  cf  flew  is  provrded  the 
limitation  of  velocities  cn  the  a i t f c i 1/pr c fi  1 e of  subsonic 
A<A„p=2/(I  | l i (G-  Yu.  Stepanov,  1 9 9,  1«/62). 

In  the  case  of  the  continuous  circulation  flow  through  the 
assigned  lattice,  the  passage  freer  the  flow  cf  the  incompressible 
fluid  to  the  flow  of  gas  becomes  complicated  by  the  ract  that  in  this 
case  according  to  formula  (4.7)  in  the  plane  of  gas  the  flow  is  not 
single-sheet.,  with  different  periods  Tt  and  T2  at  inrinity  before  the 
lattice  and  after  it,  moreover  to  each  circ uit/ ly pass  of 
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di i f cil/prof ile  corresponds  displacement  tc  the  vector 

r &dz  - T,-Tt  6'*|(.\1('tai)*  — (Aaf<u,)'"J  T (i.12) 


Page  129. 

This  difficulty,  identical  for  a single  airfoil/profile  and  for  a 
lattice,  was  overcome  in  the  fortieth  years  ly  several  authors,  who 
proposed  different  rece { t ic r/ p r cce du re  £ of  the  provision  for  a 
clcsu  ie/isc lation  of  a i r f o i 1/p r c f i les  in  the  flew  of  gas.  All  these 
recept ion/ procedures,  actually,  arc  connected  witn  obtaining  in  the 
plane  of  the  fictitious  i rcc m p r ess i t le  flow  of  the  airfoil/profiles, 
open-circuited  to  vector  (-*)  . 

L.  I.  Sedov  in  1946,  supplemented  function  ? = S (Z|  , the 
representing  interior  of  circle  frem  plane  paranetric 
alternating/variable  Z (Fig.  7c)  tc  the  exterior  of  theoretical 
profile  (and  of  theoretical  airfoil  cascade)  ty  the  members  of  fort: 
— (i/2jx()  In  (Z  — Z„),  because  of  which  in  plane  z of  the  ilow  of  gas  are 
obtained  the  locked  air t o i 1/pt cf i 1 es,  close  tc  initial  theoretical 
airfoil/prefiles  in  the  i ncc m p ress i ble  fluid.  Abroad  the  analogous 
reception/procedure  of  the  ccnstructicn  of  lattices  in  the  flow  of 
gas  was  used  more  lately  Ts.  Linen  (J,  Math.  and  Phys.  , 1949,  28:2, 
117-130).  Examples  cf  the  ccnstructicn  cf  lattices  from  theoretical 
profiles  (of  Chaplygin’s  type)  it  cave  A.  X.  Eurimovich  in  1950. 
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With  S.  fl.  Khr  istianc  v ich  and  I.  p . m'  jev,  developing  in  1947 
the  first  approximation  of  the  method  cf  K h r is t i yanov i ch  (actually 
coinciding  with  the  a pp  r oxi  tr  at  ic  n irethcd  of  £.  t.  Chaplygin),  they 
ensured  the  closure/isc  laticn  cf  theoretical  profiles,  after  changing 
circulation  in  the  range  cf  hodograph.  In  this  case,  critical  points 
cease  to  coincide  with  pcint  V=0  (speed  in  then  non-vanishing)  and  in 
their  vicinity  are  obtained  the  characteristic  infinite  "whiskers”, 
which  exit  to  the  second  sleet  cf  plane  z.  lor  a lattice  this  irethod 
indicates  a circulaticn  ccntrcl  cf  source  cf  vertex  and  vortex 
discharge  according  to  fccn>ula  (4.11). 

P.  M.  Fedorov  in  1951  on  B.  £.  Stecfckin’s  proposition  used 
the  conformal  conversion  cf  the  range  cf  hcccgraph  by  function 
Vt  = v/(i  _ moreover  with  an  accuracy  to  snail  ones  order  C*A* 

are  obtained  the  locked  a i r f c i 1/p r c f i les  both  it  the  plane  z,and  in 
the  plane  of  auxiliary  incc  npressifcle  flow  t,  — dw/dV„  and  is  accurate 
transfer  equation 

dz  =.  di,  + O A*  (*“•  <£,  + di .). 

All  the  described  abeve  recep ticn/proce dur es  of  the  construction 
cf  theoretical  lattices  were  studied  and  compared  based  on  one 
example  airfoil  cascade,  used  in  turbines  (G.  Yu.  Stapanov,  1954, 
1962)- 
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It  is  simple,  actually  by  applying  fcrnulas  (4. 1 ) - ( 4. 1 0) , are 
solved  the  reverse/inverse  problems  cf  the  ccr.structi.on  of  lattices 
in  the  flow  cf  gas  with  the  specified  distribution  oL  speed  on  the 
duct/ccntour  of  air f oi 1/ p t c f i le  or  cancrical  range;  the  majority  of 
the  methods,  described  into  § 3,  was  common  for  the  tlow  of 
Chaplygin's  gas,  moreover  the  corresponding  bcurdary- value  problems 
were  sclved  for  the  speed  cf  fictitious  incompressible  flow  and  were 
made  the  condition  cf  the  dost  re/isclaticii  cf  airfoil/profiles  in 
the  flew  of  gas  (G.  G.  lumashev,  1 545,  1945,  19(5;  V.  V-  Philipp, 
1952;  G.  Yu.  Stepanov,  1953,  1962;  H.  I.  Jcukowski,  J 9 54 , 1956;  L.  A. 
Dotfman,  1954,  1955).  Abroad  analogous  methods  were  developed  fcy  J. 

L 

lighthill  {AFC  Fepts  and  flencr.,  1 545,  No.  i104),  by  J.^fostello 
(NACA  Rept,  1950,  No.  978),  J.  C.  Stanitsem  (NACA  Rept,  19  53,  No. 
1115)  et  al. 

Here  complex  direct  problem  of  the  flew  around  lattice  from  the 
assigned  airfoil/profiles  is  reduced  to  the  solution  of  the 
functional  equation,  analogous  to  equation  (3.18),  moreover  is 
considered  communicatic n/cc nnectio n between  plares  z and  5,  and  also 
by  speeds  v and  V (4.8);  a good  first  appicxi  nation  it  gives  the 
solution  of  this  problem  fot  the  i room ) cess i 1 le  fluid. 
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The  corresponding  equations  for  the  jet-edce  and  none irculating  flow 
around  single  a irf oil/p tef i les  were  shown  by  N.  A.  Srezkin  in  1934, 
and  for  circulation  flew  aicund  single  air f cil/prof ire  and  airfoil 
cascade  - L.  I.  Sedov  in  1946.  Examples  cf  tie  flow-field  analysis 
cf  the  assigned  lattices  were  carried  cut  mere  lately  ( Ya.  n. 
Kctlyar,  1954,  1955;  G.  Yu.  Stepancv,  1953,  1S6I).  For  the  simplest 
example,  of  the  flow  around  the  lattice  cf  tie  wedges,  which 
schematize  angular  entering  edges,  scluticr.  it  is  obtained  in 
explicit  form  and  gives  the  expression  cf  calculated  angle  of  attack 

at  ~ «oP  = —■  arctg  m a, ) . 

According  to  this  expressicn  the  calculated  flow  angle 
measured  from  standard  to  tie  front  cf  lattice,  exceeds  the  mean 
angle  cf  edges  a,,,,  where  tie  difference  in  these  angles  grow/rising 
with  the  increase  of  apex  argle  y and  cf  Mach  number  (G.  Ya. 

Sts  panev,  19b2)  . 

The  basic  results  cf  tie  cascade  theories  in  the  subsonic  flow 
cf  gas  were  obtained  in  Chaplygin's  approximate  settrng  with  K=const. 
As  Yu.  V.  Rudnev  in  1949^it  generalized  Chaplygin's  precise  method  to 
the  case  of  arbitrary  dependence  p=p(p)  and  sue!  flows  whose 
composite  potential  has  special  f e at  ure/pe c ul  i a r it ies>  within  the 
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range  cf  hodograph,  aftfr  examining  as  an  (xaitple  the  jet-edge  flow 
arcund  the  lattice  of  plates.  G.  . Eatrowsli  in  195u  developed  the 
aathod,  instituted  on  tie  approximation  of  higher  oner,  form 
K = t\  th*6'j*  (C|*  c2  ~ arbitrary  constants),  and  le  solved  by  this 

method  a large  number  of  different  problems,  ircludiug  jet-edge  flow 
arcund  the  lattice  of  plater  (1SC5,  19(4)  . 

For  the  lattices  of  large  denreness  practical  application/use 
cttained  some  approximate  methods  cf  the  calculation  of  flow  in 
channels,  instituted  mairly  on  different  assumptions  about  form  and 
curvature  of  equipotent ia 1 lines  ard  flew  lines  (G . fu.  Stepanov, 
1953,  1958,  19f>2;  G.  S.  Samcylcvicl,  1 954,  1S55  ; H.  I.  Joukowski, 

I960).  In  combination  with  the  more  precise  f lew-field  analyses  the 
input  and  trailing  edges  cf  airf cil/prcfiles  these  methods  it  became 
as  a whole  satisfactory  approximate  solution  of  direct  problem,  in 
principle  suitable  for  any  transonic  and  supersonic  speeds  (in  *he 
absence  of  shock  waves). 

The  transonic  and  mixed  cascade  flews  specially  were  not 
studied.  One  should  note  approximate  solution  cf  YU.  V.  Rudneva 
(1952),  relating  to  the  mixed  flow  through  the  symmetrical  lattice 
from  rhembs,  and  also  the  cycle  of  the  works  of  F.  I.  Frankl  and  his 
colleagues  with  transonic  flews  in  the  channels  (see  the  survey  of  p. 
G.  Barantseva,  196  5). 
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The  supersonic  flows  through  lattices  were  examined  in  linear 
approach/approximation  in  connection  kith  kings  with  internal 
framework  (V.  V.  Keldysh,  1957),  tc  a ir foi 1/pr c f iles  in  the  squeezed 
flew  (M.  D . Khaskind  and  V.  S.  Khoienkc,  1 5 56),  to  lattice  in  conical 
flow  (K.  V.  Smirnov,  1961,  1962,  1966).  Interest  in  nonlinear 
problems  is  connected  with  the  problem  cf  supersonic  compressor  and 
by  the  so-called  expansion  in  skew  shear  of  the  vane  channels  of  the 
lattices  of  turbines.  The  krown  possibility  cf  the  construction  of 
complex  supersonic  flows  via  the  "cementing"  simpler  was  used  for  the 
construction  of  lattices  with  the  channels  cf  constant  width  (M.  F. 
2hukov,  1950)  and  of  turbine  cascades  tehind  the  shortest  nozzles 
with  points  of  inflection  (G.  Yu.  Stepanov,  1953,  19o2).  For  the 
ebserving  with  supercritical  jump/crcps  pressure  deviation  gas  in 
skew  shear  of  turbine  cascades  were  proposed  different  approximation 
and  semi-empirical  formulas. 


Eace  131. 

Post  widely  known  of  them  fellows  from  the  c ne- dimens ional  equation 
cf  the  continuity 

cu,c(,*rif-  (0;»> 

width  of  the  narrow  section  of  channel,  a p\!p*,pl  - 


whete  a 


the 
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total  pressure  in  section  a,  i/.  (|**«>:!)/(p2ltpi>,<,)),  and  value  a is  selected 

€ mpiricall  y. 

By  applying  the  o ne-di  men  sicn  e 1 equaticns  cf  conservation  for 
the  angle  of  deflection  of  nonvisccus  gas  after  the  lattice  of  plates 
cttained  a precise  for  this  model  formula  (G.  Yu.  Stapanov,  1952) 

*«  6 v ,T_>-  [V  pt*o„],(4.14) 

where  6 aK  — ut,  a„  - the  angle  cf  setting  plates,  p pJPuV>  PkV 
critical  pressure  in  narrow  section.  At  the  ettcined  angle  of 
departure  a2,  value  a is  located  from  equation  (4.13)  ; condition 
a tfinm  determines  the  limit  of  expansion  in  skew  shear.  Formula 
(4.14)  was  common  for  the  cases  of  the  edges  of  finai  thickness  with 
evacuatiorj/rarefact  ion  after  tbem,  the  presence  of  friction  in  skew 
shear  and  of  indirect  edges  (G.  Yu.  Stepanov,  1953,  1962;  V.  L. 
Epstein,  1961;  v.  V.  Goltzes,  1959,  1963). 

In  the  fiftieth  years  was  exp  and/ deve 1 c pe d the  discussion  on  the 
so-called  "directing"  action  of  infinite  lattice,  exerted  by  it  to 
the  incident  supersonic  flow.  This  discussion  was  instituted  on  that 
obvious  theoretical  concl us io n/der i va t icg  that  the  supersonic  flow 
before  the  lattice  of  plates  (when  v,  cos  a, < v»K)  can  nave  the  only 


1 


direction,  which  coincides  with  the  direction  of  plates.  However 
this  conclusion  contradicted  tfe  experimental  data,  obtained  in 
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tur tcmachines.  Con  t tad  ict  ic  r was  explained  by  the  emergence  of 
breakaway  on  entering  edges  and  by  the  cor t esp c rding  rearrangement  of 
the  supersonic  flow.  The  sane  considerations  which  were  used  for  the 
derivation  of  formula  (4.14),  made  it  pcssitle  to  calculate  the 
parameters  of  the  flow,  which  was  flushed  between  plates  after 
treakaway  (G.  I.  Tagancv,  1952).  At  low  speeds  is  obtained  known 
formula  for  the  factor  cf  less  of  kinetic  ereccy  of  Llow,  which  flows 
atciind  the  lattice  of  plates  with  angle  of  attack  6: 


1 , con*  ot„ 

■j  l’ili 


(4-15) 


Abroad  the  developed  theory  of  entry  less  ir.tc  lattice  appeared  on 
several  years  later  >. 

FCCTNOTE  *.  -Crh . J.  Cramer  and  0.  E.  Stanits,  NACA  Tachn.  Note,  1955, 
Nc-  3 149;  M.  Lyudevig,  Korsch.  Gib.  liigeuiiHirwi-mnui,  1«56,  22  : 6,  I81-1HI.  ENDFOOTNOTE. 


Sere  analogously  defined  the  parameters  of  the  flow,  passing  through 
the  per f or ated/punched  wall,  considered  as  lattice  oi  cuts  of  one  to 
straight  line  (G.  L.  Grcdaovskiy,  1953),  and  also  loss  during  the 
flew  through  circular  gratings  - mcticnless  and  rotating  (V.  T. 
Pitrokhin,  1958,  1960;  b.  E.  Trainer,  1967). 


1 


nany  authors  discussed  the  possibilities  cf  the  electrical 
simulation  of  the  flows  of  cas,  especially  advisable  for  equations 
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forit  (4.6)  in  the  area  cf  the  bodocraph  of  speed.  Examples  of  *he 
realization  of  this  analogy  in  the  tath  of  a 1 1 e r nat in g/var iabl e depth 
(ty  inversely  proportional  ^/i),  carried  ott  ir  1949  a.  M.  by 
Luxemburg,  they  showed,  that  under  actual  ccnditions  equipment  errors 
in  the  simulation  not  lcwer  than  fundamental  errors  i n the 
approximation  method  of  Chaplygin. 

Fa  ge  132. 

Therefore  practical  application/use  simulation  was  outained  only  for 
ccnformal  mapping  of  the  area  cf  tie  hcdogiaph  cf  spaed  V of  the 
fictitious  flow  on  the  average  (G.  Yu.  Stepanov,  195J,  1 962). 

The  interesting  possibilities  of  qualitative  investigation, 
especially  for  supersonic  speeds,  afforded  tie  cas-h/draulic  analogy 
between  the  motion  of  gas  and  gravity  scluticn  with  floating  surface. 
This  analogy,  indicated  by  N.  Ye.  Jcukcwski  in  1912,  was  applied  for 
the  demonstration  of  different  supersonic  flews,  including  through 
the  step/stage  of  turbire  during  relative  metier  of  lattices  (G.  F. 
Kamnev,  1957). 

The  viscosity  of  liquid  in  plane  flow  through  the  lattice  is 
exhibited  in  f orma t ion/e d uc at ic n cn  the  a it f c i 1/ profi les  of  thin 
boundary  layer,  in  flow  breakaway,  at  least  at  trailing  edge,  the 
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appearance  after  it  of  e vac uat icn/rare f act ic r ard  thd  equalization  of 
traces  after  lattice.  Ir  this  case,  appear,  usually  itnall,  changes  of 
the  parameters  of  the  main  flow  in  comparison  with  tuose  determined 
in  the  ideal  model  of  ncnvisccus  liquid.  These  changes  in  the 
cne-djmensional  examination  of  flow  are  characterize.!  by  the 
estimated  factors  of  loss  £,  of  the  velocity  ( me mentu m/impulse/pulse) 
4,  expenditure/consumpticr  p and  energy  g,  which  enter  in  the 
hydrodynamic  computation  cf  t ur  fccin  ach  i ne. 


In  the  uniform  flow 


f p ~ t — £ 


(4.16) 


(index  of  M0"  is  related  tc  the  parameters  cf  ideal  ilow  in  the 
section  in  question).  In  the  nenuniforn  flew  cf 

communicat ion/connect io r between  estimated  coefficients,  th»y  depend 
even  on  the  characteristic  cf  the  r c r ur  if o r n i t y cf  tue  field  of 
velocities.  The  enumerated  coefficients  together  witn  angle  of 
departure  <x2  determine  tasic  lattice  parameters  and  t u rbom  achi  ne ; 
their  measurement  is  the  basic  goal  cf  the  experimental  studies  of 
lattices. 


In  the  theory  of  the  flew  cf  the  visecis  fluid  through  lattices, 
enters  the  bcundar y-la yer  calculation  on  a i rfei 1/prot ile , the  account 
cf  the  thickness  of  trailing  edges  and  flattenirg  of  flux  after 


CCC  = 731  15302 


F#GE  -^9 


lattice.  The  first  calculations  and  the  measure «ents  of  boundary 
layer  on  cascade  profiles  pertain  tc  the  year  1546  and  belong  to  A. 

5.  Zil'berman  and  N.  M . Markov.  L.  G.  Lcytsyanskiy  generalized  the 
known  method  of  the  apprcxinate  confutation  of  the  profile  drag  of 
king  tc  the  case  of  lattice  and  expressed  tie  factor  of  loss  £ 
through  thicknesses  6f<*  of  the  loss  cf  no  me  r.  t u n /iinpul  se/pulse  in 
boundary  layer  on  trailing  edges  (in  1947  for  the  incompressible 
fluid  and  in  1949  for  gas);  N.  M.  Markov  in  1947  proposed  the 
expression  of  coefficient  5 through  thicknesses  of  energy  loss. 

In  the  case  of  lattice,  however,  urlike  single  air  for  1/prof i le , it 
proved  to  be  possible  with  the  ail  of  cr.ly  equations  of  conservation 
tc  more  strictly  solve  this  protlem  and  to  express  by  the  known 
parameters  of  boundary  layer  in  the  plane  cf  the  trailing  edges  (is 
telcw  index  "k")  all  parameters  of  the  flusled  flow  after  lattice  (G. 


Yu.  Stepanov,  1949,  1967): 

Tjea  i — t 


Pi  cos*  a„-t-q>*  sin*  <*k 

1 — Al‘ 


tK«2  —IK  at..  A p -ft  p * - 2p,,(<p.~  H„)cosla,,f/jKpO. 


Fage  133. 


In  formulas  (4.17)  p,  = 1 — o - 6J/(f  cos  a„),  <pK  * 1 — W(M  coa  «")• 
o = it  (t  cos  a„)  _ the 

dimensionless  thickness  of  separation  zone  after  edge  (in  the 
direction  of  the  front  cf  lattice),  P«p  “ 2 (/>„  — p„p)/(p0l(i^K)  & — 0,10 
dimensionless  pressure  after  edges,  A*  - the  sum  of  the  displacement 
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thicknesses  of  boundary  layer  from  two  sides  of  trailing  edge,  fi*»  - 
the  sane  in  the  relation  tc  the  momentum  thickness,  analogous 
formulas  were  obtained  abroad  later  and  only  in  the  ^articular  case 
cf  the  incompressible  fluid  and  infinitely  fine/thin  trailing  edges 
<G.  Schlicht.ing  and  N.  Ehcl'ts,  Ingt-Arch.,  1551,  19;  1). 

For  the  calculation  cf  the  development  cf  trace  after  lattice, 
was  used  the  theory  of  free  turbulent  let,  which  raada  it  possible  to 
rate/estimate  the  nenuni f or n ity  cf  flow  depending  on  distance  after 
edges  and  the  corresponding  average  parameters  cf  flaw  (G.  Yu. 
Stepanov,  1953,  1962;  Ye.  V.  Sclokhin,  1957). 

The  loss  factor  for  tentative  calculations  is  expedient  to  break 

cn  two  parts:  £ *=  t„p  + tn>-  The  first  part,  the  less  factor  due  to  the 

final  thickness  of  trailing  edges,  is  deterained  by  aemi-amnir ical 

„ _ at>bi 

formulas,  for  example,  U,.  = — p„pa  cr  £ = 0,18  d/a,  <*-i-he  second 

/V 

depends  only  on  friction  cn  a i r f ci  1/ p t c f i le , i.e.,  ou  the  parameters 
cf  boundary  layer,  with  completely  turbulent  layer  in  the 
incompressible  fluid,  is  valid  the  estioated  formula 

u-T^(i)"'[(=-r+(^r].,  «•<»> 

in  which  s - length  of  the  camber  line,  v* and  v' - some  average 
speeds,  respectively  on  tack  and  the  ccr.cave  surface  of 
airfoil/prefile.  Re  *=  v2t/y.  It  the  simplest  case  cf  boundary-layer 


CCC  = 791  15302 


page  qo^ 

calculation  with  Re=105-107  (L.  G.  Ley  t sya  csH  y , 194,.,  1957)  00.072, 
m=C»20  and  n = 3,1.  With  the  developed  toughness  cf  the  surface  of 
ai t f oi 1/ pr cf ile , is  valid  the  same  formula,  in  which  instead  of  Re 
number  project/emerges  the  relative  smoothness  cf  surface  t/A  (A  - 
average  quadratic  height  cf  irregularities),  and  it  is  possible  to 
accept  00.048,  m=0.25,  n = 2 (K.  K.  Fedyuevsliy  and  N.  N.  Fomin,  1936, 
19  39).  on  the  more  contemporary  data  OC.Q22,  m-0.20  a rid  n=2. 25. 

For  the  cooled  turbine  blades  within  the  limits  of  the  validity 
cf  Reynolds's  hypothesis  abcut  the  similarity  cf  dynamic  and  thermal 
boundary  layers  di mensicr  less  heat-t tansf e t coefficient  into  blade 
q «=  (TJ  — rcr)l  (Q  ~ heat  flow,  cP  - the  heat  capacity  of  gas  at  a 

constant  pressure,  G - gas  flow,  fn  - the  temperature  of  wall)  can 
te  rate/estimated  on  the  same  formula  (4.16)  with  00,  024,  m = 0,167, 
n=C,R33  (L.  M.  Zys ina- Me  lc z he , 1957  ; G.  Yu.  Stepanov  and  V.  L. 

Epstein,  1 958,  1962). 

The  numerous  estimated  and  more  precise  boundary  - layer 
calculations  and  profile  losses  under  variec  conditions  showed,  on 
the  whole,  satisfactory  coincidence  with  experimental  data  during 
renseparated  flow  (I.  L.  Ecvkh,  1950;  N.  M.  Markov,  1952,  1955;  A.  S. 
Ginevskiy,  1954;  L.  M.  ?ysira-ttolozht , 1955).  Cre  should  note 
application/use  in  these  calculations  cf  ETsVM  (V.  M.  Zelenin  and  V. 
A.  Shilov,  1964).  On  the  tasis  of  the  obtained  depenuences,  were 
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conducted  the  generalizations  cf  experimental  data  aud  the 
perfection/improvement  cf  tie  procedure  of  tie  experimental  studies 
cf  foil  lattices. 


At.  the  off-design  angles  cf  tie  entrance  v»len  ttie  flow  around 
lattices  occurs  with  flew  breakaway  on  air fcil/prof ice,  won 
acceptance  semi-empirical  fcrmulas;  nest  substantiated  of  them  take 
the  following  form; 

t=*A  + B \c  r yac^cojcc,  1*  4 la) 

Vcosaj/  L co»  a4  cojj  aj  pacq  J 

where  ^ -(-  li  (cos  aa/cos  a,  paCq)*  tpucn  ( C-4-C.  6)  E and  C=o,  1-0,3  (G.  Yu. 
Stepanov,  1958);  B=0,058,  C=0,265  (V.  I.  Epsteir,  1959). 

Eage  134. 


The  effects  of  the  flow  of  real  liguid  include  additional  losses 
in  two-phase  flow  and  pre ci p it  at ic r of  the  seccrd  phase  to  blades. 
These  effects,  and  also  the  motion  of  liquid  film  along  the  surface 
cf  blades  were  studied  in  semi-empirical  treatment  conformably  mainly 
to  the  flow  of  wet  steam  in  turbines  (M.  D.  Vaysman,  1953,  1967;  R. 

P . Yablcnik,  1960;  E.  I.  Parchik  and  V.  L.  Epstein,  1960,  1965). 

For  the  theoretical  shaping  of  lattices  in  the  clow  of  viscous 
fluid,  were  utilized  revecse/inverse  methods  acc,  especially,  the 
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tcdcgraph  analysis  of  the  speeds  which  provide  hydroa y na raically  the 
advisable  distribution  cf  the  speed  cf  nonvisccus  liquid  - with  the 
limited  maximum  velocities  (v*),  also,  with  a minimum  number  of 
diffuser  sections  (dp/ds<0)  with  the  guaranteed  nonsaparated  flow, 
fct  which  must  be  (6**/p)  (dplds)  = l < lKV-  it  was  suggested  to  shape 
these  sections  with  eguiprohable  breakaway  (£=«  const  < |„p);  they  were 
placed  and  solved  the  simplest  problems  of  the  construction  of 
cptimum  lattices  with  the  smallest  profile  Jesses  which  confirmed  a 
series  of  the  empirical  rules  cf  the  construction  of  airfoil/profiles 
<G.  Yu.  Stepanov,  1950,  195E,  1S62;  M.  E.  leutsch  ana  G.  S. 
Samoylcvich,  1959;  M.  I.  Jcukowski,  I960;  E.  A.  Gukasova  et  al., 

1960)  . 

As  has  already  been  indicated,  large  practical  role  they  play 
the  experimental  studies  cf  lattices.  Appacertly,  tha  first  in  the 
wcrld  tests  with  the  models  of  foil  lattices  ran  in  1902  N.  E. 
Jcukowski  in  the  wind  tunnel  of  Moscow  University.  It  is  simultaneous 
with  the  development  of  the  cascade  theories,  the  successes  of 
construction  and  calculation  cf  tu rbcmachines,  and  at  so  with  the 
increase  of  the  technigue  of  aerodynamic  experiment  were  developed 
and  were  improved  the  methods  cf  the  experimental  study  of  lattices 
and  grew/rese  the  practical  rcle  cf  their  results.  In  the  fiftieth 
years  in  our  country,  were  created,  in  essence,  in  scientific  research 
institutes  and  at  the  plants  of  the  aircraft  industry  and  turbine 
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construction,  the  original  cc  nst  r uctic  n/des  j gns  of  tne  installations, 
during  which  were  carried  cut  the  important  studies  of  lattices, 
which  had  high  value  for  aviaticn  and  iccket  engineering  and  for 
power  engineering.  The  part  cf  these  i n sta 1 ia t i ens  and  investigations 
is  described  in  the  vast  literature  the  examination  uy  which  exceeds 
the  sccpe  of  this  survey. 

The  developed  methods  the  account  of  the  c cm  pres  sib il it y effects 
and  viscosity  of  liquid,  anc  also  the  results  cf  experimental 
investigations  completed  the  development  of  the  examined  above 
cascade  theory  in  flat/plane  steady  flew  and  were  utilized  in 
practical  applicat ion/a  ppen dices. 

§5.  Unsteady  flow  arounc  lattices. 

The  flow  around  lattices  in  turfccirachir.es  is  unsteady  in  essence 
fcecause  of  relative  motion  cf  the  rotating  and  stationary  parts, 
cscil lat ion/vi brat iens  cf  elastic  fclades  and  disks,  and  also  in 
cod  mun  ication/conn  ect  io  r with  separation  phenomena  and  the 
oscillation/vibrations  cf  flow  as  a whole.  The  examined  above  steady 
flews  are  the  simplified  model  of  the  steady  cn  the  average  flow,  a 
special  case  with  respect  to  overall  unsteady  motion.  The  difficult 
problem  of  the  unsteady  flow  around  lattices  attracts  in  recent  years 
continually  increasing  atterticn,  since  unsteady  aeroelastic 
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phenomena  increasingly  mere  frequently  prove  tc  be  tue  main  reason, 
which  determines  the  reliability  of  t u r bom  a ch i nes  ani  which  limits 
their  highest  efficiency  or  the  smallest  weight. 

Fage  135. 

The  problem  of  the  aer ce las tici t y cf  blades,  housings  and  disks  of 
tur tomachines  as  a whole  is  still  distant  ficm  complete  theoretical 
completion;  the  obtained  scluticns  cf  separate  particular  problems 
rest  on  ideas  and  the  methods  cf  unsteady  aero-  and  ay drodynamics, 
developed  in  the  first  half  of  our  century  in  ccnnection  with  t.he 
analogous  problem  of  the  unsteady  flew  cf  tie  wing  ol  aircraft,  and 
cn  experimental  in vesticaticns. 

The  contemporary  theory  of  the  unsteady  flew  of  wings  and 
lattices  utilizes  the  simplified  vertex/eddy  models  of  the  flow  of 
rcnviscous  liquid  - actually,  N.  E.  Jcukowski's  idea  about  connected 
and  free  vortices. 

The  first  fundamental  result  in  this  area  lelongs  to  S.  A. 
Chaplygin,  who  gave  in  1926  the  cc n me n/gen e r a 1/ total  expressions  of 
main  vector  and  main  moment  of  the  unsteady  forces,  which  act  on 
solid  body  in  flat/plane  incompressible  flew  during  constant 
circulation.  L.  I.  Sedov  obtained  in  1935  analogous  expressions  in 
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the  mere  general  case  of  the  arbitrarily  variable  duct/contour  and 
during  alter nat ing/variafc le  circulaticn.  During  the  jears  1924-1929 
in  the  works  of  L.  Prandtl,  V.  Eirnabaum,  G.  Sacner  and  G.  Glauyerfc> 
were  developed  the  approximate  vortex  conceptions  of  unsteady  motion 
of  fine/thin  wing  with  the  line  of  disccgt itui t j of  spaed,  the  vortex 
wake,  appearing  in  connection  with  al t erna t i ng/ variao 1 e circulation 
arcund  airfoil/profile  during  satisfaction  c f Xh u kovs k iy  - 
Chaplygin's  condition  on  trailing  edge.  The  effective,  in  the  form  of 
final  formulas,  calculation  of  forces  during  snail  harmonic 
oscillations  of  wing  was  produced  in  1935  ty  M.  A.  Lavrent'yev  and  (1. 
V.  Keldysh  and  another  nethed  ty  L.  I.  Sedov.  A.  I.  Nekrasov  in  the 
monograph,  which  pertains  to  the  year  1841  (publishei  in  1947),  gave 
detailed  survey/coverage  and  generalization  of  airfoil  theories  in 
the  unsteady  flow  from  Soviet  and  foreign  works,  including  the  cases 
of  the  finite-span  wing  (N.  Ye.  Kcchin,  1941),  of  tha  heterogeneous 
incident  flow,  of  aperiodic  motion  and  compressed  meaiura.  In  1947 
were  published  the  new  and  mere  advanced  solutions  oi  the  problems  of 
the  oscillation  of  fine/thir  wing  at  subsonic  ( K . D.  Khaskind)  and 
supersonic  speeds  (Ye.  A.  Kr as ils y uchy u i kc v , I.  A.  Pinichkin,  K.  D . 

, L.  A' 

Khaskind  and  S.  V.  Falkcvich,  Jr.  Galinas,  K . I.  Gurevich), 
including  for  the  first  time  for  the  finite-spar  wings  different 
planfcrm.  The  systematic  presentation  of  linear  airfoil  theory  in 
supersonic  unsteady  flow  is  in  Ye.  A.  K ras i 1 • s hchikov oy • s monograph 
( 1952)  . 
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Deserves  special  reference  created  in  cf  the  first  of  the 
enumerated  above  works  fortieth  years  the  theory  of  the 
formation/education  of  the  thrcst/rcd  cf  the  oscillating  wing 
(because  of  suction  force),  sup £ le mente c then  fcy  the  calculation 
efficiency  of  wing  (M.  C.  Khaskinl,  1944)  and  cf  the  thrust/rod  of 
the  waving  wing  in  connection  with  the  for  tr at  ic  r/educa tion  after  it 

e 

cf  path/track  from  discrete  ed  d y/ v c r t ices  (V.  V.  Golubev,  1949-1946, 
1957)  - 

The  first  results  in  the  unsteady  cascade  theory  belong  to  L.  I. 
Sedov  (193?,  1950),  who  indicated  the  general  sclution  of  the  problem 
cf  the  arbitrary  synchronous  metier  cf  the  a it  f c il/pc  of  i le  s of  foil 
lattice  in  irrotational  inccmpressi tie  flow,  ir  a precise  setting 
during  constant  circulation  and  in  guasi-staticrary  (without  free 
vortices)  - during  alte r n a t ing/ var i afcle  circulation.  In  particular, 
it  gave  the  ccmmon/general/tctal  expressions  cf  apparent  additional 
masses  \ (0)  airfoil/prefile  ir  lattice  gave  the  results  of  their 
calculation  for  the  lattice  of  plates  with  arbitrary  carrying  out. 

The  simplest  form  these  expressions  have  in  the  cases  of  lattices 
without  carrying  out  (0=0),  also,  ftem  cuts  cf  cne  a straight  line 
(P=1/2*)  : 

k(0)=.ApiMnch^-,  *(£)  = -i-p/Mncos-J.  (54). 
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Ea  ge  136. 

Were  more  lately  calculated  tie  apparent  additional  masses  of 
lattice  frcm  rectangles  and  the  double-row  lattice  or  plates  (M.  T. 
Gurevich,  1940,  1954).  Analogously  in  ccmracn/ge reral/total  setting  is 
solved  the  problem  cf  tie  shock  cf  lattice  during  continuous  and 
jet-edge  flow;  so  was  examined  the  shock  of  the  lattice  of  plates 
during  their  symmetrical  cavity  flew  according  to  tha  diagram  of  D. 

A.  Efrcs  (S.  I.  Parkhomcvskiy,  1958).  It  should  be  noted  that  the 
knowledge  cf  apparent  additional  masses  makes  it  possible  to  simply 
sclve  the  acoustic  problem  cf  the  reflection  of  sounu  by  sufficiently 
frequent  lattice  and  to  obtain  G . c.  Malyuzhints's  known  formula  for 
the  coefficient  of  the  sound  ccnducticn  of  lattice  (d.  I.  Gurevich, 
1964)  . 

On  the  basis  of  the  developed  overall  theory,  ail  methods  of  the 
solution  of  the  problems  of  irrctaticnal  flew  cf  the  incompressible 
fluid  through  lattices  elementary  are  generalized  to  the  case  of  the 
arbitrary  identical  motion  cf  their  airfoil/profiles  in  the 
irrctational  flow.  In  this  case,  instead  of  the  motionless  or 
stationary  driving/movirg  lattice,  is  examined  the  lattice  from  given 
ere  on  airfoil/profile  in  the  function  cf  time  t by  normal  speed 
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i\  *=  dq/dn  = vn  (s,  t)  or  by  the  function  cf  current  i|>  = j vn  (t,  t)  dt  ■=  i|>  (*,  t), 
moreover  the  solution  of  the  corresponding  tc un car y-v alue  problems  is 
singular  during  constant  circulation  or  in  guas  i-stat ionar y setting 
(kith  the  f ixed/recordec  pcint  cf  the  descent  of  flow).  Specifically, 
sc  is  solved  the  already  merticred  problem  cf  the  flow  around  the 
rotating  circular  gratings  at  ccnstart  angular  velocity.  If  are 
examined  small  motions  cf  lattices  as  a whole  cf  their  relatively 
steady  flow  (considering  known),  then  problem  still  is  simplified  and 
is  reduced,  in  linear  setting  relative  to  the  supplementary  unsteady 
speeds  and  pressures,  tc  the  calculation  of  guedratuces  in  zone  of 
flew  cr  in  the  plane  of  parametric  variable  (ir  canouical  area).  In 
particular,  all  the  kinematic  formulas  cf  the  cascade  theories  of 
their  fine/thin  airfoil/prefiles  are  directly  used  during  assigned 
functicos  vl  = (x,  t),  i>-  = v-  (x,  t),  of  the  determined  not  only  form 

airfoil/prefiles,  but  alsc  by  their  unsteady  metion  or  deformation 
(the  "hypothesis  of  dynamic  curvature").  Actually,  iu  this  case  in 
each  the  fixed/recorded  mcment  of  time  is  solved  stationary  problem 
kith  the  specific  value  cf  the  parameter  x . 


In  the  basic  case  cf  the  steady  harmonic  oscillations,  the 
dependence  of  boundary  conditions  and  all  unsteady  functions  on  time 
is  isolated  into  the  exponential  factor 

F (2,  t)  = f(i)  F (*)  - Ft  (*)  -f  jFt  (2), 


ECC 


7 81  15302 


FAGE  ••‘*3- 


fchere  v - frequency,  j - second  ap  par  ent  / 1 a a g iriar  y "time/temporary" 
unity,  which  does  not  interact  with  the  "t tree-dimen^ ional/space" 
imaginary  unit  i,  F (z)  - composite  (on  j)  cnplitude  of  oscillations; 
with  this  problem  it  is  reduced  to  definition  c f two  functions  (F, 
and  F*)  of  the  composite  (or  i)  variable  z.  Airfoil/profiles  in 
lattice  can  oscillate  synchronously,  but  with  ecnstaut  phase 
displacement  a between  a i t f c i 1/ p t c f i les  . 


rage  137. 


Then  acts  the  condition  of  the  generalized  periodicity 

/’(z-f  Imt,  t)-  F(z+im/)Vvt™/o(*)^<ma+VT>  (m=±  1,  ±2,  . ),  (.5.2> 


wher^  F0(z)  - the  composite  amplitude,  which  relates  to  fundamental 
period  (m=0) , and  in  the  integral  representations  analytic  functions 
of  the  flow  through  the  lattice  nucleus  cthx  (£  — z)  (x  = n/,t)  is 
replaced  by  the  more  Keneral 


*l*(C  z,  x,  «)- 


ch  x (1  — g/)i)  (£ — »)  — /<  wli  x (1  — g/n)  ({;  — *) 
' sh  x (J— z) 


(5.3) 


containing  the  same  special 

feature/peculiarit ies  and  that  satisfying  condition  (5.2)  (G.  S. 

Samoylovich,  1962).  In  particular,  the  composite  amplitude  of  the 
supplementary  speed,  caused  by  the  oscillations  of  ax r foil/prof i les 
and  which  disappears  at  infinity,  ate  cttained  the  ra prese ntat ions 
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*’0  (Z)  = -577-  & 

b 

MQ«J>(S-*)dC. 

-v»  * * 

<5.4> 

• ow* 

Mz>  = !7T  2 

(5.5> 

»-0  * t 


which,  obviously,  generalize  formulas  (3.1)  and  (3.8)  for  F (z)  = v(z) 
and  transfer/convert  in  then  with  a-0.  Cn  the  tasis  of  the 
representation  of  the  ferir  (5.5)  of  function,  which  conformally 
reflects  the  assigned  lattice  to  tie  equivalent  lattice  of  circles, 
was  solved  the  quasi-stat ic rary  problem  of  the  flow  around  the  foil 
lattice  of  arbitrary  a i t f c i 1/p r of i 1 es  (G.  £.  Samoylovich,  1462)  and 

was  calculated  supplementary  circulation  for  several  typical  turbine 
lattices  with  arbitrary  phase  displacement  of  the  oscillations  of 
adjacent  airfoil/profiles  (G.  £.  Samcylcvich  and  B.  c..  Kapelovich, 

19  67)  . 

Considerably  more  complex  is  the  complete  unsteady  problem  in 
which  cne  must  take  intc  account  free  vertices,  whica  descend  ivtto 
flew.  As  in  the  case  of  single  airfoil/profile,  this  problem  is 
solved  only  op  the  assumption  that  the  motion  cf  frea  vortices  is 
known  (it  is  usually  considered  that  it  coincides  vich  particle 
motion  cn  the  critical  flow  lire  cf  steady  flew). 


Here  first  of  all  studied  the  steady-state  oscillations  of 
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fine/thin  air  foil/ prof i les  cr  plates  with  d i r € c t/str* igh t after  them. 
In  accordance  with  the  ccnditicr  ot  conservation  of  vorticity  in 
trace  after  airfoil/profile  (x^.a,  y=C)  are  cistributed  the 

eddy/wcrtices  with  the  intersity 


(5.6> 

where  0 - the  constant  velocity  of  steady  flow  along  X , x=a 

corresponds  to  the  trailing  edge  of  a i r f o i 1/ p r c f ile,  r (t)  = A exp  Jvt 
circulation  around  it,  determined  t y ?h uko v s V i y - Chaplygin's 
condition  about  final  speed  with  x=a. 


v(-f,  T)  = y(a.  0 = --rrirr  . 


1 

dV 

u 

dr  t 

- A • 


•Jv 


The  first,  tasks  were  examined  in  the  beginning  of  the  fiftieth 
years  ty  G.  Zengen  (ZANF,  1953,  4:4,  267-  297),  ty  R Sisto  (.1 
Aeronaut.  Sci.,  19  55,  22  : 5 , 257-302),  K.  Nikelen  (Ingr-Arch.,  1955, 
23:3,  179-188)  et  al.  For  solution  were  utilized  the  integral 
representations  of  speed  cn  the  a i r f ci 1/pr c t i 1 e of  form  (5.4)  (in  the 
hydrodynamic  interpretation  - vertex/eddy  method),  by  which  the  tas‘r 
one  way  or  another  is  reduced  to  the  scliticn  of  integral  equation 
relative  to  vorticity  distribution  (tangential  speed)  on 
airfoil/profile  or  in  trace.  From  the  obtained  vorticity 
distribution,  unsteady  forces  are  determiner  by  direct  calculation  or 
ty  applying  the?  common/cene ral/tct al  theorems.  The  foreign  authors 
examined  the  tasks  of  the  oscillation  of  plates  in  lattice  upon 
different  limited  settings  (large  denseness,  the  absence  of  carrying 
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cut,  cophasal  of  oscillaticr,  etc.),  moreover  either  they  generally 
avoided  obtaining  cone r e te/s pe c i f i c / ac t ua  1 results  or  were  given  only 
separate  examples  and  particular  dependences. 

fage  138. 

The  first  systematic  numerical  results  in  the  ferm  or  the 
dimensionless  force  coefficients  and  torgue/mc ments,  which  act  on 
plates  in  lattice  during  ccphasal  ferward/p regressive  and  rotary 
oscillations  over  a wide  range  of  densenesses,  angles  of  carrying  out 
and  frequencies,  were  published  by  5.  m.  Be  1 c t s er  ko  vs  k i y,  A.  S. 

Ginevskiy  and  Ya.  Ye.  Pclcrskiy  in  1961.  These  results  were  obtained 
by  the  simplest  method  cf  discrete  edd y /vor t ices. 

As  in  stationary  task,  besides  vertex/eddy  method  for  a lattice 
from  fine/thin  air f ci 1/ p r c f i les  there  are  mere  advanced  analytical 
representations  of  the  urknewn  functions  of  flew  (L-  I.  Sedov, 

1935-  1 939)  . The  apjplica  t icn/uses  of  these  representations  for  the 
lattice  of  plates;  during  the  steady  cophasal  oscillations  appeared  in 
1958  in  the  works  of  M.  D.  Khaskinc  and  TT  K-  £ irazet d inov a and 
abicad  - to  I.  L.  Popesk  (Ccmun.  Acad.  F.  P.  Fcuire,  1*58,  8:10, 

10C3-  1009)  . 


In  two  works  (pertaining  to  the  year  1956)  H.  0.  Khaskind 
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examining  the  lattice  of  plates  with  carrying  cut,  and  also  the 
arbitrary  system  of  cuts  cf  one  straight  line,  utilises  the  method  of 
solution,  developed  by  it  earlier  in  the  task  cf  the  oscillation  of 
fine/thin  single  a it f oi  1/ p r cf ile  ir  the  subscnic  flo*  of  gas  ( 1947). 
The  amplitude  values  of  the  composite  potential  of 
dist ur bance/per tu r b at ic r are  d i vi d e/ma i ke d eff  cn  two  parts:  w 
(z)-w0(z)  (z)  V o (Z)  is  determined  tie  n c nc  i r cu  lat.i  n g flow  around 

lattice  with  an  assigned  normal  speed  cf  vn,  if  v,(z)  corresponds  to 
the  solution  of  the  uniform  problem  cf  the  circulation  flow  around 
rigid  lattice  in  the  presence  cf  free  vortices.  In  order  to  find 
* t (z) that  presents  basic  difficulty,  is  intrcduced  analytic  function 

/(0  = -^  + >-£-“’1  ’ (5-7) 

(analogous  function  was  introduced  in  1935  by  M.  V.  .\eldysh  for  the 
solution  of  two-di mensicna  1 problems  cf  waves  theory).  In  linear 
approach/approximation  also  diring  harmonic  esc  i J.iatr  ons  for 
overpressure  dist u rfca nee/ pe rturbat ic n accorcing  to  the  equation  of 

K 

Jrcshi  - Lagrange  it  is  obtained 

p “ p*7  ( ir + 1 ir  '** ) e,VT  P^e>VT  IU‘(o  / (z)< 

therefore  the  introduced  fuccticn  f (z)  with  an  accuracy  to  constant 
factor  is  equal  to  the  amplitude  of  the  composite  (ou  i)  potential  of 
the  accelerations  of  the  flew  in  gresticn.  The  teal  ^art  of  the 
potential  of  accel erat iens  as  pressure,  is  continuous  (it  is  equal  to 
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zero)  in  trace,  apparent/ imaginary  part  (in  linear 
approach/approxiraation)  it  is  known  cn  ai r f ci  1/ pr of ii e . Thus, 
functions  w0(z)  and  f (z)  arc  expressed  by  quadratures  on  the 
formulas  of  the  cascade  theories  from  fine/thin  airfoil/profiles, 
w0(z)  - is  unambiguously,  and  f (z)  and  respectively  > j (z)  linearly 
depend  on  cyclic  constants  (circulation) wh  ich  are  located  from  the 
linear  equations,  which  express  the  conditions  cf  finiteness  dv/dz  on 
the  trailing  edges  of  airfoil/profiles.  For  tte  system  of  cuts  of  one 
by  straight  line  (polyplane  "tandem")  and  a lattice  without  carrying 
cut,  the  scluticn  is  constructed  directly  in  flew  plane  z,  for  a 
lattice  with  carrying  out,  - in  the  plane  cf  the  parametric  variable 
u=u(z),  that  corresponds  tc  the  representation  cf  this  lattice  onto 
lattice  without  carryinc  cut. 

The  properties  of  the  potential  of  accelerations  indicated  make 
with  possible  its  appl  ica t icn/ use  for  the  direct  solution  of  unsteady 
problems.  G.  S.  Samoylcvich  in  1961^  it  found  by  this  a ppar ent- mass 
method  and  the  distributicn  of  pressures  in  the  lattice  of  plates 
without  carrying  out  with  the  arbitrary  forms  cf  their  oscillations 
threugh  one,  moreover  were  utilized  series  frcn  functions  of  the  type 
cf  the  composite  rate  of  the  flow  aicur.d  the  lattices  of  plates,  and 
also  (during  cophasal  oscillations)  the  integral  formulas  of 
slender-wing  theory. 
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T.  K.  Sirazetdinov  and  I.  L.  Popegk  in  1958  generalized 

L.  I.  Sedov’s  aethod  in  the  problem  of  the  unsteady  motion  of  single 
fine/thin  airfoil/profile  ir  mcticrless  liquid  to  ths  case  of 
ocphasal  lattice  vibrations  frcm  plates  without  carrying  out  with 
rectilinear  vortex/eddy  after  them,  cn  the  tasis  of  the  integral 
representation  of  composite  perturbation  rate 

a 

— a * 

— a 

+ j Y(6.T)f(5)[cth(6^«)H-ijd5}  , (5.8) 

where  g (z)  = |/sh  (z-a)  /si  (z*a)  , the  pericd  cf  lattice  t*».  This 

representation  automatically,  because  cf  tte  properties  of  k(z), 
satisfies  the  7hukovskiy  - Charlugin  condition  on 
trailing  edges  z=-a*imir  and  taking  into  account 

ccamunication/c onnection  cf  type  (5.6)  between  7 and  v(x)  reduces  to 
integral  equation  relative  to  function  |(x) which  for  the  steady 
harmonic  oscillations  simply  is  solved  and  it  makes  it  possible  to 
express  7 ( x)  and  with  respect  to  "v  (z)  ir  quadratures. 


Bepresentation  of  (5-8)  by  use  in  the  nucleus  of  function  <1> 
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(£-z;  a)  ( 5.3)  is  generalized  to  the  case  of  harmonic  oscillations 
with  the  constant  shift  a of  the  phases  of  the  oscillations  of 
adjacent  airfoil/profiles  (G.  S.  Saacylcvich,  1S62)  , and  during  the 
tse ' cf  expansion  of  (5.5)  and  of  Chaplugin  - Sedov's  formulas,  it 
lakes  it  possible  to  obtain  the  common/gener al/total  expressions  of 
the  ccmpcsite  amplitudes  of  unsteady  forces  and  torgj e/moments  in  the 
form  of  final  formulas  (quadratures) whose  each  member  makes  specific 
hydrodynamic  sense  (V.  P.  Vakbcmchik,  1565,  1Sf6)  . Such  expressions 
have  seme  computational  advantages  before  the  simplest  vortex/eddy 
method  and,  furthermore,  lake  it  possible  araly ticaliy  to  obtain  for 
the  limiting  values  of  the  geometric  and  kinematic  parameters  the 
asymptotic  results  which,  as  a rule,  they  slip  eff  fcom  numerical 
calculations. 

For  a lattice  with  the  angle  cf  fcrvaid  projection  0^0  of 
functicn  g(z)  and  <P(£-z)  it  is  possible  to  generalize  by  the 
introduction  of  composite  parameter  x,  =■=  x exp  (—  (ft)  instead  of  x-»/t; 
however,  in  a representation  of  type  ( 5.9)  in  this  case  is  retained 
unknown  function  Yi  =*  «£  — i£  (equal  to  zero  with  0=0),  and  it  gives 
only  the  isolat ion/liberaticn  of  special  f eatcre/peculia  rities  "v  (z)  , 
which  facilitates  investigation  and  the  solution  of  the  corresponding 
integral  equation. 


Unlike  stationary  problem,  obtaining  systematic  numerical 
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results  in  the  unsteady  problem  in  question  is  very  laborious  and  in 
practice  it  is  inaccessible  without  use  of  ETsVH  [ - digital 
computer].  On  the  other  hand,  computer  techtclcgy  manes  it  possible 
to  realize  some  specific  methods  whose  use  for  a manual  count  would 
he  unsuitable,  and,  in  particular,  tfce  method  cf  aerodynamic 
interference.  In  accordance  with  this  method  the  velocity  potential 
of  the  flow  around  the  system  cf  bodies  in  question  occurs  in  the 
form  of  the  sum  of  the  potentials  cf  the  flew  around  each  of  these 
todies  separately,  that  moves  (and,  generally  speaking,  that  is 
defermed)  alcng  the  assigned  law,  and  the  supplementary  potentials, 
determined  by  some  supplementary  previously  urkrown  laws  of  strains 
whose  introduction  considers  the  interference  of  bodies. 

Page  140. 

For  determining  these  supplementary  strains,  is  utilized  the 
condition  of  the  impenetrability  of  bodies,  which  gives  system  of 
equations  which  are  solved  by  the  method  of  trigonometric  polynomials 
or  by  the  method  of  collocation.  Circulaticrs  around  bodias  are 
determined  byZhokovski)  - Chaplygin's  condition;  the  form  of  vortex 
wakes  is  considered  known  or  it  enters  in  solution  implicitly,  if  is 
utilited  the  potential  cf  accelerations  ( 5.7)  (D.  N.  Gorelov,  1963, 
1964) <. 
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Ey  the  method  of  interference  were  studied  the  oscillations  of 
biplane  and  airfoil/profile  in  flow  with  different  (rigid  and  free) 
boundaries  (D.  N.  Gorelcv,  1964,  1965),  and  alsc  the 
f crwa rd/prcgtessi ve  and  rotary  oscillations  of  plates  in  lattice  - 
for  the  first  time  over  a wide  range  of  a change  in  all  geometric  and 
kinematic  parameters.  (In  tie  latter  case  irstead  of  the  lattice 
actually  was  taken  system  from  a sufficiently  large  tinite  number  of 
airfoil/profiles).  In  ccnnection  with  this  nethcd  it  provad  to  be 
ratural  to  find  the  influence  coefficients,  determining  unsteady 
forces  on  one  airf oil/prcf ile  during  small  mcticn  (oscillation)  along 
the  assigned  law  only  of  one  another  body  (1.  B.  Kurzin,  1964;  D. 
N.  Gorelov,  1964,  1965).  In  the  case  of  lattice  influence 
coefficients  can  be  defined  as  Fourier  coefficients  in  tha  resolution 
cf  dimensionless  aerodynamic  forces  in  terms  of  the  ?hase  angle  of 
the  oscillations  of  adjacent  a irf o il/ptof i les  (V.  B.  Kurzin,  1964;  g. 
S.  Sancylovich  and  B.  E.  Kapelovich  1967)  , alsc,  in  any  event  - 
directly  in  terms  of  the  nethod  of  interference  (D.  N.  Gorelov,  1964, 
1965).  After  are  found  the  influence  ccef  f icierts,  via  superposition 
are  simply  determined  leads  on  the  airfoil/profiles,  which  vary  with 
different  amplitudes  and  phases,  but  with  identical  rrequencies  and 
the  forms  of  the  oscillations  (limitation  cf  identical  forms  is 
unessertia  1)  . 


The  problem  of  the  oscillations  of  arbitrary  lattice,  as  has 
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already  been  indicated,  is  solved  most  simple  ( ty  quadrature)  in 
guasi-stat ionary  setting,  i.e.,  without  taking  into  account,  vortex 
wakes  in  flow  after  airfoil/profiles.  The  calculations,  carried  out 
for  the  lattice  of  plates,  showed  that  this  exaainatron  is  virtually 
admissible  (vortex  wakes  tarely  affect)  in  the  lattices  of  large 
denseness,  and  also  at  small  frequencies,  if  phase  displacement.  «/0 
<S.  H.  Belctserkovski y et  al.,  1961;  G.  S.  Samoylovich , 1962;  D.  N. 
Gorelov,  1564).  Analogously  it  is  possible  to  solve  this  problem,  if 
is  accepted  another  model  of  vertex  wake  after  airf or 1/prof iles  in 
the  fern  of  the  infinite  cut/secticn  of  known  form  (6.  Yu.  Stepanov, 
1962),  of  the  stationary  or  deforming  in  accordance  with  oscillation 
airfoil/profile. 

The  solution  of  complete  unsteady  problei  for  an  arbitrary 
lattice  in  principle  is  possible  by  the  same  methods  which  were 
applied  for  the  lattice  of  plates,  namely  by  vortex/sidy,  the 
potential  of  accelerations  and  interference,  mcreovec  calculations 
become  complicated  by  the  need  for  integrating  by  tha  duct/contour  of 
airfoil/profile  C,  but  not  on  the  line  segment.  Duriug  the  study  of 
this  problem,  was  establish/installed  the  presence  or  the  effect  of 
the  final  displacement  cf  a irf  cil/prcf  iles  (besides  the  rate  of  this 
displacement).  The  effect  of  final  bias  was  for  the  rirst  tine 
estimated  based  on  the  example  of  the  lattice  of  the  plates,  varying 
with  phase  displacement  during  steady  flow  with  sizable  angle  of 
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attack  (V.  V.  Husatov,  1963).  quasi-sta t icna ry  setting  or  during 

tie  use  of  a model  with  cut/sections  beyond  airfoil/profiles  this 
effect  is  located  as  effect  of  snail  strain  cf  airfoi 1/prof  lie  in 
stationary  nonunifora  flow;  in  complete  unsteady  setting  occurs  the 
corresponding  complication  of  the  integral  equations  of  problem  (V. 

E.  Saren,  1966).  V.  E.  Kurzin  ir  1967  it  outlined  new  approach  to 
the  solution  of  this  problem  with  the  aid  cf  the  metaod  of 
"cementing",  according  to  which  entire/all  zcne  of  flow  through  the 
lattice  is  divided  into  three  subregion:  the  incident  flow,  vane 
channel  and  flow  after  lattice;  in  each  of  the  subregions,  is  solved 
the  corresponding  problem  relative  to  velocity  potential  taking  into 
account  the  conditions  cf  its  continuity  or,  the  boumaries  between 
subregions. 

Page  141. 

this  approach  deserves  attention,  first  of  all,  for  the  dense 
lattices  when  it  suffices  tc  examine  crly  vane  channel  with 
approximate  boundary  entrance  conditions  and  output  and  it  is 
possible  not  to  consider  the  preserce  cf  special 
feature/peculiarities  on  edges. 

During  the  oscillations  of  bodies  in  the  flow  ot  gas,  appear  the 
essential  effects,  connected  with  the  final  velocity  of  propagation 
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of  disturbance/perturba ticns.  According  to  Irardtl  tais  problem  is 
examined,  in  linear  acoustic  approach/apprcximation,  by  the 
introduction  of  the  potential  of  accelerations,  continuous  in  zone  of 
flow  and  satisfying  wave  equation;  the  dete  r si  ration  of  unsteady 
pressures  on  the  oscillating  single  airfoil/profile  at  subsonic 
speeds  is  reduced  in  this  apprcach/approximaticn  to  the  solution  of 
the  integral  equation  of  Pcssic  with  the  nucleus,  which  contains  the 
functions  cf  Hankel  (see  A.  I.  Nekrasov,  1547).  As  V.  B.  Kurzin  in 

1962  it  generalized  the  equation  of  Eossio  to  the  case  of  the  lattice 
cf  plates  and  in  1964  was  obtained  its  approximate  numerical  solution 
ty  the  method  of  collocation  with  the  propagation  of  solution  by  the 
introduction  of  influence  coefficients  on  the  case  o£  the  arbitrary 
oscillations  of  plates  1 1 S 6 £ ) . Based  on  the  example  of  lattice 
without  carrying  out,  were  shown  the  essential  depenience  of  unsteady 
forces  cn  number  M = V!vt»  of  stationary  flow  and  the  presence  of 
phenomena  of  the  type  of  resonances  at  frequencies,  aultiple  to  the 
natural  frequencies  of  oscillation  of  gas  in  the  vane  channel  of 
lattice  in  the  longitudinal  and  transverse  directions,  respectively 
equal  to  approximately  v,  =*  jh\,  (1  — M*)//  and  v,  =»  zivjt.  0.  N.  Gorelov  in 

1963  used  the  method  of  aerodyneeic  interference  to  the  more 
ccmnon/general/tot al  problem  of  subsonic  spatial  flow  of  the  gas 
through  lattice  of  the  plates,  varying  between  two  parallel  planes. 
Curing  the  constriction  of  solution,  was  utilized  velocity  potential 
cf  the  flow  around  single  plate  in  plane  flew,  expressed  N.  D. 
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Khaskindom  ( 1947),  actually  with  tfce  aid  of  the  method  of  the 
potential  of  accelerations,  in  the  elliptical  coordinates  through 
Pathieu  - Hanjcek  functions.  The  infinite  systex  of  equations,  which 
expresses  the  conditions  of  the  impenetrabil ity  of  prates,  was  solved 
by  the  method  of  collocation.  Thus  carried  cut  calculations  for 
flat/plane  and  spatial  flow  (D.  N.  Gcrelov  and  1.  V.  Dominas,  1966, 
1967)  and  was  shown  the  possibility  of  the  autc-oscii lat ions  of  blade 
with  cne  degree  of  freedom  during  the  near-resonant  conditions/modes, 
corresponding,  besides  indicated  above,  to  the  natural  frequencies  of 
oscillation  of  gas  alone  the  terming  t h ree-dine rsiona 1/space  blades 
with  a length  of  h (betveen  the  limiting  planes)  v,  - nv„lh,  and  also 
still  tc  seme  frequencies  v4,  depending  on  the  angle  of  carrying  out 
P and  of  the  shift  a of  tie  phases  of  the  oscillations  of  adjacent 
blades.  The  last/latter  frequencies,  which  depend  on  interaction  of 
blades,  coincide  with  the  eigenvalues  of  matrix  of  linear  equations 
and  they  are  physically  treated  by  the  authors  as  imposition  of  the 
ccphasal  d isturbance/pe rturtations  from  adjacent  blares.  These 
frequencies  for  plane  flow  for  the  first  time  and  by  most 
direct/straight  method  were  determined  in  1S67  G.  S.  Saaoylo vi chem , 
whe  examined  the  propagation  of  waves  along  the  axis  of  the  lattice 
of  the  dipoles,  corresponding  to  the  action  cf  concentrated  forces, 
and  flew  behavior  far  fton  lattice.  in  subacnic  flow  (with  N<1) 


1 v4  = ( ± M sin  P + V\ - M*cqb,  P)  . 

in  supersonic  (when  KHO/cos  fi)  , 

v4  * (M  sin  P ± . 


T 
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Page  142. 

(Question  concerning  the  amounts  of  forces  under  conaitions  of 
resonances  is  permitted  fron  acoustic  positions  or  by  speoYal  ' 
asymptotic  experiment). 

As  a result  of  the  solution  of  spatial  problem,  were  shown  the 
admissibility  of  the  hypothesis  of  flat/plane  sections  for  the 
incompressible  fluid  and  the  presence  of  essential  deflections  from 
plane  flow  for  gas  during  any  real  elongations  of  blades. 


Lattice  vibrations  in  the  supersonic  flew  represent  a simpler 
problem,  solved  by  the  general  methods,  developed  for  the  arbitrary 
system  of  finite-span  wings  (E.  A.  Krasil’shskikov,  1952).  They 
concrete/specif io/actually  studied,  by  the  method  of  aerodynamic 
interference,  lattice  vibration  of  plates  without  carrying  out  with 
phase  displacement  <*=0  and  a=»  (which  schematizes  the  oscillations  of 
single  plate  respectively  in  free  jet  and  between  rigid  walls)  with 
super  and  at  transonic  speeds  (D.  h.  Gorelov,  1566)  . 

Viscosity  effect  during  lattice  vibrations  theoretically  barely 


1 


was  studied  and  was  drawn  crly  for  the  schematic  explanation  of 
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experimental  results  (G.  S.  Sa mcy lc vich,  1963-1967;  /.  N.yFrshov, 
1966).  This  effect  leads  to  the  appearance  of  unsteady  ("  rotating") 
flow  separation,  decrease,  phase  lag  and  hysterisis  jf  unsteady 
forces,  especially  at  high  frequencies,  and  to  fading  of  vortex  wakes 
after ' latt ice. 

The  comraon/general/total  prcbleir  cf  the  ae roelas ticity  of  the 
blades  of  turbomachines  is  reduced  to  the  study  of  tne  equations  of 
their  motions  which  for  a linear  dynamic  system  with  a finite  number 
cf  degrees  of  freedom  can  be  written  in  the  form  of  ihe  matrix 
eq  uat ion 

AX+BX  + CX  = F,  . ' (5,y> 

in  which  X - matrix/die  of  generalized  coordinates  (strains),  of  A - 
masses,  B - coefficients  cf  fricticn  (attenuations) , of  C - 
elasticity,  F - exciting  forces.  The  mechanical  featire  of  the 
problem,  which  concerns  free  oscillations  without  taking  into  account 
of  interaction  of  blades  with  medium,  is  relatively  simple  and 
studied  in  sufficient  detail  (for  example,  for  the  tirbine  blades, 
see  A.  V.  Levin's  monograph,  1953).  in  the  examined  lbove 
hydroaerod  ynamic  problems  tie  motion  of  blades  X=>X0expyvt  was 
considered  known  (X0  - the  matrix/die,  assigning  fora  and  phase 
displacements  of  oscillations)  were  determined  the  forces  of  pressure 
flow,  depending  on  acceleration,  speed  and  the  bias  of  blades. 
According  to  relation  tc  an  entire  picfclen  in  these  problems,  are 
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more  precisely  formulattd  the  natr 
equations  of  (5.9)  because  of  appa 
damping,  position  forces  end  addit 
interference  of  oscillations).  As 
refine  natural  frequencies  and  the 
blades,  to  determine  the  limits  of 
(flutter).  The  appearance  of  the  1 
aerodynamic  interference  of  the  va 
ere  blade  (classical  flutter),  of 
(latticed  flutter)  , resonances  in 
flew  breakaway  (stalled  flutter), 
important  the  forces,  which  are  fo 
flutter  speed  on  each  main  form,  i 
damping,  connected  with  descent  in 
em issicn/radiatian  in  gas  and  fric 
S.  Samcylovich,  1962;  L.  E.  Ol 'sht 
etc.)  . 


Page  143. 

For  the  definition  of  strains 
blades,  it  is  necessary  to  know  ex 
periodic  functions  of  time,  tow-fr 
properties  of  grid/network,  contro 
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turbonachi nes  and  mode  of  their  operation.  Ihese  excitations  were 
studied  in  one-d ime nsio ra 1 (and  quasi-stat icnary  wita  respect  to 
turbcmachine)  setting  by  the  methods  of  the  theory  ol  nonlinear 
vibrations  (V.  V.  Kazakevich,  1959). 


Radio-frequencys  drive  depend  on  relative  notion  of  the  lattices 
and  other  bodies,  which  are  located  in  flow,  fcr  example  fastening 
ce 11/eleme nts.  The  corresponding  forces  are  connected  with  the 
heterogeneity  of  flow  and  relatively  sinply  they  are  located  in 
quasi-stationary  setting  for  the  potential  flow  around  lattices  and 
ether  systems  of  bodies  (L.  A.  Dorfman,  1949;  C.  Yu.  Stepanov,  1962; 
V.  P.  Vakhomchik,  1962).  However,  heterogeneities  in  the  potential 
flow  rapidly  attenuate  (for  lattices  as  index  cf  the  distance  between 
then)  and,  as  a rule,  they  cannot  te  the  basic  reason  for  excitation, 
fain  role  play  the  vortex  wakes  in  the  incident  flow,  form  and 
intensity  cf  which  are  determined  by  the  viscosity  ot  liquid  and  by 
flow  turbulence.  Within  the  linits  of  lattice  these  traces  to 
admissibly  consider  as  vortex/eddy  heterogeneities  in  the  flow  of 
nonviscous  liquid.  With  a small  heterogeneity  the  definition  of  its 
effect  is  reduced  by  known  form  as  ir  the  (icblem  of  wing  in 
vertex/eddy  "gust",  taking  into  consideration  to  the  supplementary 
rate  of  deformation  of  a ir f c i 1/pr o f i le  in  uriferm  potential  flow  ( G . 
S.  Sancylovich,  1961,  1S62).  With  large  heterogeneity  and  taking  into 

account  interaction  of  lattices  this  problem  is  very  complex;  are 
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known  some  experimental  investigations  in  g ua si-sta ti ona ry  setting 
and  the  one-dimensional  estimations  of  forces  according  to  maximum. 

In  the  majority  of  investigations,  were  examineu  uniform 
lattices  to  the  identical  conditions  of  flew  and  excitation  of 
identical  blades.  The  study  of  the  aeroelasticity  of  mechanically 
heterogeneous  circular  lattices  (L.  E.  Cl’shteyn  and  R . A.  Shipov, 
1962-1967;  V.  B.  Kurzin,  1967)  conducted  shewed  that  such  lattices 
are  dynamically  more  stable  in  flow  than  uniform,  ha/ing,  however, 
higher  vibration  stresses. 

As  a whole  in  the  range  of  the  theory  of  the  unsteady  flow  of 
lattices  in  our  country,  were  obtained  important  results,  as  a rule, 
the  anticipate/leading  analogous  results  in  foreign  investigations. 
In  a number  of  these  results  development  of  new  theoietical  methods, 
obtaining  systematic  calculation  data,  the  estatlishient  of  new 
effects  and  the  indication  of  the  ways  of  frrther  experiments.  In 
recent  years  especially  intense  works  are  conducted  in  the  Moscow 
Power  Engineering  Institute  and  in  the  ^stitute  of  ay  dr ody  nam  ics  of 
the  Siberian  Department  of  the  Academy  of  Sciences  oc  the  USSR;  base, 
on  materials  of  these  works,  are  prepared  two  special  monographs  (G. 
S.  Samoylovich;  D.  N.  Gorelov,  V.  f.  Kurzin  and  V.  E.  Saren)  . 

§6.  Three-dimensional/space  cascade  flow. 
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Beal  flow  in  the  space  lattices  of  turtcmachines  essentially 
three-dimensional  and  unsteady.  The  investigation  of  this  flow  taking 
into  account  the  effects  of  imperfect  gas  is  the  basic  contemporary 
problem  of  the  cascade  theories,  tc  the  need  fcr  solution  of  which 
they  feed  both  the  overall  development  of  this  theor/  and  a series  of 
the  new  problems,  which  appear  during  design  ard  use  of 
turbo  machines.  Only  complexity  of  the  direct  solution  of  the 
corresponding  problems  forces  to  turn  tc  the  simplified  models  of  the 
flew  of  the  idealized  liquids  and  with  a smaller  numoer  of 
independent  variables. 

> 

Fage  144. 

The  application/use  of  the  simplified  models  of 
three-dime nsional/space  flows  in  the  theory  of  turboiachines  is 
justified,  however,  even  because  for  practical  target/purposes  is  not 
usually  necessary  the  perfect  infermatien  abcut  all  field  of  flow  and 
are  sufficient  only  common/general/total  characteristic  parameters 
whose  determination  with  satisfactory  accuracy  is  conducted  on 
stationary  two-dimensional  cr  even  cne-dime  rsic  ral  models. 

Such  models  successfully  applied  N.  E.  Jcukowski,  who  was  using 
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the  hypothesis  of  cylindrical  sections  for  transitioa  to  foil  lattice 
(1890,  1912-1914)  and  by  tie  hypothesis  of  connected  and  free 
vortices  (1906)  in  his  investigations  of  screw  propeller  and  windmill 
(1912-1915).  in  these  investigations  Jculcowski  for  tae  first  time, 
considerably  earlier  than  the  foreign  authors,  introiuced  the 
vortex/eddy  models  of  screw/propeller  with  final  and  with  an  infinite 
number  of  tlade/vanes  ( "vertex/eddy  base”),  picposei  the  blade/vane 
of  constant  circulation  (screw/propeller  MNEZh"),  examined  twisted 
axisyanetric  flows  after  screw/propeller,  which  more  were  lately 
called  the  "laws  of  torsion"  with  the  constant  foment  of  momentum 
(n>,  ^const),  by  a constant  flow  angle  (vjvz  — const)  and  of  the  type  of 
solid  body  (i>v/r  = const). 

Vortex  conception  of  screw/pr  cpel  ler  was  the  graat  theoretical 
achievement,  which  made  it  possible  to  substantially  refine  its 
theoretical  model  and  to  tase  the  widespread  hydraulic 
(cne-dimensiona  1)  calculation  of  screw/propeller  l. 

F CCTNOTE  *.  In  the  known  previously  theoretical  model  of 
screw/propeller,  each  cross  section  of  propeller  blade  was  considered 
as  isclated/insula ted  airfoil/profile  in  flat/plane  relative  flow  (S. 
K.  Dzhevetskiy,  1892).  F NDPCOTNOTE. 

It  should  be  noted  that  the  initial  vcctex/cddy  model  of 
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screw/propeller  with  a finite  number  of  blade/vanes  included  as  idle 
tine  a special  case,  the  vortex/eddy  model  cf  finite- span  wing, 
proposed  almost  simultaneously  to  S.  A-  Chaplygin,  by  f.  Lanchester 
and  L.  Prandtl  in  1911.  Subsequently  the  development  of  the  linear 
airfoil  theory  of  final  spr ead/scc pe,  were  obtained  important  results 
for  the  incompressible  fluid  and  gas  at  subsonic  speeds  (N . E. 

Kochin,  1941;  V.  V.  Golubev,  1939-1947;  V.  V.  Strumnskiy , 

1946-1957;  s.  N . Belotserko vskiy , 1955,  1965)  and  at  supersonic 
speeds  (E.  A.  Krasilsy  uch  y uikov,  1947-  1952  ; S.  V.  Falkovich,  1 947  ; M. 
I.  Gurevich,  1947;  L.  A.  Galina,  1947). 

Vortex  conception  of  screw/pr  cpel  ler  was  successfully 
develcp/prccessed  by  N.  Ye.  joukowski’s  school  and  ware  obtained 
numerous  practical  application/uses  to  air  and  screw  propellers, 
wirdmill  motors,  fans  and  blowers  (V.  P.  Vetchickin  and  N.  N. 
Pclyakhov,  1940;  L.  A.  Simonov  and  S.  A.  K hr ist  ianovich,  1944;  P.  I. 
Frankl,  1946;  B.  N.  Yur'yev,  1956,  1961;  A.  H.  Basin  and  I.  Ya. 
Miniovicb  ,1963)  . Direct  relation  to  the  theory  cf  turbomachines  has 
the  problem  of  screw/prcpeller  in  the  encircling  rinj,  proposed  in 
1864  by  K.  F.  Briks  (I.  V.  Cstcslavskiy  and  V.  N.  Hatvei,  1935  ; M.  B. 
Haseyev  and  M.  N.  Veselovskiy,  1946).  For  the  theory  of 
turbomachines,  is  interesting  also  L.  A.  Siacncv*s  work  (1941),  in 
which  the  vortex/eddy  method  of  the  construction  of  ulade/vane  in 
plane  flow  was  common  for  the  case  of  the  radial  eddy /vort ices 
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between  twc  coaxial  circular  cylinders  and  was  shown  a small  error  in 
the  hypothesis  of  cylindrical  secticrs. 

Thus,  already  in  tie  works  of  N.  Ye.  Jcukcwski  i nd  his  school 
the  three-dimensional  problem  of  tie  theory  cf  tur boaachines  was 
considered  as  two  two-dimensional  - the  problem  of  neutral 
ax  isy mmetric  vortex  flow  and  the  problem  of  the  flow  through  lattices 
in  the  axisy mmetric  (in  particular,  cylindrical)  section  of 
llade/vanes. 

Pace  145. 

In  the  range  of  hydroturbines,  G.  Lorer.z  (Neue  rheorie  und 
Eerechnung  der  Kreiselr ader,  1906)  hy  pcthe  tica  la  lly  rntroiuced  the 
vertex/eddy  axisym metric  model  of  the  flow  through  the  space  lattice 
frem  an  infinite  number  of  infinitely  fine/thin  blade/vanes  with  the 
distributed  (mass)  force  cf  their  effect  or  flc%.  On  the  basis  of  V. 
Eauyersfel'd 's  this  model  in  1SC7,  it  sclvec  tie  inverse  ixisymmetric 
problem  of  the  construction  of  the  blade/vare  cf  radial-axial  turbine 
for  a special  case  of  irrotational  meridional  flovrot,t>x*  0.  I.  N. 
Voznesensky  during  the  years  1920-  1935  developed  aetaod  of  the 
construction  of  vortex  flow  which  was  used  for  the  design  of  the 
first  Soviet  hydroturbines  (I.  N.  Voznesensky,  1952).  Hydrodynamic 
vethods  in  hydro-xachine-building  received  cur  country's  first 
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systematic  presentation  and  development  in  the  courses  of  A.  A. 
Satkevich  (1929),  of  I.  N.  Vcznesersky  (1934),  cf  G.  F.  proskury 
(1934)  . 

In  the  range  of  steal  turbines  and  aircraft  gas-turbine  engines 
the  conventional  one-d i ae ns  ion al  calculation  in  postwar  years  was 
sup plemented  by  the  already  mentioned  "laws  of  the  torsion"  of 
cylindrical  (v,  = 0)  axisymmetr  ic  flew  cf  gar  with  tha  constant  aoaent 
cf  acaentur  ri>,  const  (*.  V.  Ovarov,  1945),  constant  flow  angle  vjv,  * 
tonsi,  by  constant  specific  flow  rate/consumption  pi;,  » const  and  by 
ethers  (B.  S.  Stechkin  et  al.,  1956;  L.  A.  Siacrcv,  1957;  G.  Tu. 
Stepanov,  1958;  E.  A.  Gukasova  et  cl.,  195E;  K.  A.  riahakov  et  al., 
19EC;  G.  N . Abramovich,  1953;  P.  E.  Eeutsch,  1953;  I.  I.  Cyril, 

1964),  moreover  approximately  were  considered  the  noacy lindrical  fora 
of  flow  area  and  a Iter nat ing/v ar ia t le  cc  a radius  tha  total  pressure 
and  the  tenperature.  The  calculation  of  the  axisynmetric  twisted  flow 
in  the  clearances  between  the  motionless  anc  revolving  gates  made  it 
possible  to  obtain  the  necessary  data  fer  the  shaping  of  blades  on 
height/altitude  and  for  determining  the  common/genera 1 A ot al  indices 
of  turbomachine,  since  the  latter  is  conducted  within  the  framework 
cf  one-dimensional  model,  then  proved  tc  be  necessary  the  refinement, 
cf  the  concept  of  the  ideal  one-dimensional  process  and  average 
parameters  in  the  characteristic  sections  of  flow  (G.  G.  Chernyy, 
1953,  1956;  L.  I.  Sedov  and  G.  G.  Chernyy,  195  4;  G.  SI.  Abramovich, 
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The  necessary  supplements  indicated  and  the  refinements  of 
cne-di mens  ion al  calculations  were  conducted  and  were  realized  in  the 
ccnstruction/designs  of  engines  virtually  simultaneoi sly  and  it  is 
independent  in  Soviet  and  foreign  works. 

In  the  beginning  of  the  fiftieth  years  in  the  UiA,  ware 
published  the  first  calculations  of  the  two-dimensional  models  of 
spatial  flew  of  inviscid  compressible  liquid  through  turbomachines 
(Ch.  Kh.  Vu,  Trans.  Amei.  See.  Meet.  Engnrs,  1952,  74:8,  1 363-  1380; 

J.  D.  Stanits,  there,  74:  t,  473-497).  in  the  analogois 
investigations,  which  were  teing  carried  out  in  our  country,  special 
attention  was  allotted  to  the  fundamental  side  cf  a question,  to  the 
refinement  of  the  hydrodynamic  formulation  cf  the  problems,  to  the 
substantiation  of  the  simplified  models  and  calculation  methods. For 
this,  was  required  the  application/use  of  cc mmcn/general/to^al  theory 
cf  vortices  of  tha  motiens  cf  gas  (A.  A.  Friedman,  19  2 1,  1932;  N.  E. 
Kcchin  et  al.,  1953)  and,  in  particular,  in  systems  with  rotating 
communication/connections  (V.  H.  Astafyev,  1949),  tae  study  of  the 
geometric  properties  of  flow  (S.  S.  Byushgens,  1948,  1951)  and  the 
use  of  a process/operation  cf  the  averaging  cf  equations  ( G.  Yu. 
Stepanov,  1952;  Ya.  A.  Sirctkin,  1963,  1967). 
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Fcr  obtaining  the  equations  of  the  stationary  at  isy  on  et  r ic  flow 
through  the  turbomach ine  of  the  inviscid  ideal  cas  tj 

common/gen  er  al/tot  al  equations  cf  iroticr,  is  applied  linear  averaging 
in  circumference  and  on  time,  what  gives  (all  parameters  and  the 

operators  - averaged) 

w x (V  X v)  = \H — TVS  — F+  Hi,  1 
V.(Xp»r)=//lt  />=flp7’+fl„  / (61) 

where  besides  usual  desigraticrs  are  accepted  fcllowang:  w - relative 

speed,  v=w*u=w»wxr  - absolute  velocity,  »=ccnst  - angular  rate  of 

rotation  of  lattice,  H=  «]♦  1/2w*- 1/2 u2 , J «=  C„T  ~ enthaipy,  dH=0,  S - 

o 

ent ropy,  dS  =»  cvdplp  — cpd\>lp  = o.  as  a result  of  averaging  in  equations 
(6.1)i  unlike  the  usual  equations  cf  axisysoetric  flow,  enter 
coefficient  x of  the  constraint  cf  flow  ic  circular  diraction  by 
the  blades  of  final  thickress,  the  mass  distributed  rorce  F of  the 
effect  of  blades  on  flow,  the  quadratic  pulsating  terms  R, , R?  and  Rj 
- function  of  a change  of  the  flow  parameters  in  circular  direction 
and  in  time.  Pulsating  terms  disappear  in  a x isy  mmetnc  flow  and  in 
model  with  an  infinite  number  cf  blades.  System  cf  equations  (6.1)  is 
closed  by  the  relationship/ratios 

v-ir  — 0,  (0.2) 

expressing  respectively  ccllinearity  F and  ert hegonai ity  « of 
standard  v of  average  strcaa  surface. 
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Ter  the  precision  determination  of  the  memters  jf  averaging  x, 

P and  of  the  form  of  average  stream  surface,  it  is  nacessiry  to  knot# 
the  complete  three-dimensional  variable  field  of  floe;  however 
virtually,  with  an  accuracy  down  to  the  terms  of  the  order  of  the 
square  of  pulsations  (ir.  circular  directior  and  on  time),  functions 
X and  v are  determined  by  geometric  parameters  ot  vane  channels, 
but  the  pulsating  terms  F are  emitted.  (This  usually  adopted 
simplification  corresponds  to  the  model  of  the  flow  through  the 
turbemachine  with  an  infinite  number  of  blades  whose  thickness  is 
considered  by  the  coefficient  of  constraint  0<x<l)  For  the 
estimation  of  error  in  the  simplified  axisymmetric  model  and 
refinement  of  calculation,  it  is  possible  tc  utilize  theory  of  the 
twc-di««nsiona 1 flow  around  lattices  on  axisymmetric  stream  surface 
and  theory  of  secondary  flows. 

It  is  also  the  possible  to  consider  small  effects  of  real  flow 
(viscosity,  thermal  conductivity,  phase  trarsiticncll  by  the 
phenomenological  introduction  of  the  axially  symmetric  fields  of 
small  frictional  forces,  sources  of  heat  arc  mass  with  the  addition 
of  the  equations  of  energy  (diilO),  of  entropy  (dS^O)  and  of 


diffusion 
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Fcr  solution  initial  equations  are  record/written  in  meridional 
plane  in  natural  (s,  n)  or  that  fix/recorded,  fcr  example,  by 
cylindrical  (r,  z)  the  coordinate  systens.  Xr.  the  first  case  the 
coordinate  system  is  previoisly  unknown  and  equations  are 
supplemented  by  the  relaticnship/ratio  of  tie  crthoqonality 

* "f  r * 

. (6-3) 

r'  / , * 

where  K,  and  Kn  - curvatures  respectively  cf  the  flow  lines  s and 
cf  the  normal  to  them  lines  n,  the  derivatives  d/ds  and  d/dn  are 
taken  along  the  appropriate  lines,  Kn  — — d In  (xrf>vm)ldt,  vm  - a 
projection  of  speed  on  meridional  plane  (G.  Yu,  Stepanov,  1962)  . 

In  the  second  case,  in  the  fixed/recorded  coordinate  system,  the 
system  of  equations  is  reduced  eitler  tc  tvcs  relative  to  the 
prcjecticns  of  the  speed  on  the  coordinate  axis  or  tp  one  equation 
relative  to  the  function  of  current  in  direct  problem  (G.  I. 

Faykapar,  1958;  P.  A.  Romanenko,  1 959;  Ya.  A.  Sirotkin,  1963-1967)  or 
relative  tc  the  function  * {r,  z)  , which  determines  average  stream 
surface  in  inverse  problem  (I.  N.  Voznesensky,  1952;  Ya.  A.  Sirotkin, 
1966)  . 

Page  1U7. 

In  the  particular  case  of  the  incompressible  fluid  aa  d in  cylindrical 
coordinate  system  this  equation  takes  the  feta 
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‘in  direct  problem  equaticr  (6.4)  has  relative  tc  function  y>  (r,  z) 
elliptical  type,  in  inverse  problem  - hyperbolic  relative  to  function 
* (r,  z)  . \n  free  from  lattices  annular  charnel  is  ootained  the 
elliptic  equation  of  the  generalized  helical  motion  (I.  S.  Grom»ka, 
1882;  0.  F.  Vasiliev,  1958) 

(«“f  + 4)-  <651 

The  analogous  equation  of  direct  problem  for  compressible  liquid 
elliptically  relativeto  at  subsonic  speeds  in  meridional  plane 

vm<vn  (supersonic  flows  vm  > vaa  in  interral  problems  are  unstable 
and,  as  a rule,  they  are  not  realized).  In  connection  with  the  type 
of  equation,  the  boundary  conditions  are  placed  on  bind  elqes  as  for 
a channel.  On  upper  and  lower  boundaries  are  assigned  the  Dirichlet 
conditions,  at  entrance  and  output,  - directional  derivative 
(s  lcpe/inclination  of  flow  lines).  Domain  ol  definition  ^ is 
divided  on  the  subregion  of  three  forms:  the  containing  revolving 
gates,  which  contain  rigid  lattices  and  free  frcm  them.  On  the 
boundaries  of  subregions,  generally  speaking,  occurs  the  final 
discont inu it y/interrupt ic n cf  the  coefficients  of  tha  higher 
derivatives;  there  fore^  sol  ution  can  exist  in  the  claas  of  the 
generalized  functions  with  the  integrated  square.  This,  direct 


EOC  = 781  15303 


PAGE  7<4f 


»■* 


axisy  v eh  trie  problem  is  reduced  to  the  mixtd  tcunda  r^ /e  1 ga  in  simply 
connected  region  for  quasi-linear  elliptic  equation  *ith  a finite 
number  of  lines  of  discontinuity  of  coefficients.  Foe  the 
incompressible  fluid  equation  (6.4)  in  question  is  uniformly 
elliptical,  and  questions  of  existence  and  uniqueness  of  its  solution 
are  well  studied  (0.  A.  Ladyzhenskaya  and  N.  N.  (Jral’tseva,  1964). 

For  compressible  liquid  this  equation's  well  as  all  the  equations  of 
gas  dynamics,  is  elliptical  only  during  the  limited  together  vi*h 
first-order  derivatives  solution,  and  a question  of  its  single-valued 
solvability  even  in  simpler  problems  remains  opened.  By  analogy  with 
the  theory  of  the  plane  subsonic  flow  of  gas,  it  is  possible  to 
expect  the  existence  of  unique  solution  during  the  specific 
limitations  of  the  right  side  of  equation  ci  gradients  of  functions  H 
and  S.-  These  questions  have  not  only  fundamental,  but  also  direct 
practical  value,  being  connected  with  the  stability  jf  ♦he  twisted 
flows  and  with  the  convergence  of  iterative  diagrams  during  the 
deterninaticn  of  numerical  solutions. 


Inverse  axisymmetric  problem  in  the  traditional  setting  of 
Eauersfeld  - Voznesensky  consists  in  the  deterx inatijn  of  the  form  of 
the  average  surface  of  tlade/vane  *=#(r,  z)  with  the  assigned 
function  of  current  tp  (r,  z)  or  in  assigned  field  jf  meridional 
velocities  Since  for  this  problem  equation  (o . 4)  (and 

analogous  for  the  flow  cf  compressible  liquid)  has  hyperbolic  type. 
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then  for  it  are  placed  the  problems  cf  Goursat  and  turee  mixed,  if 
only  the  boundary  of  the  subregion,  which  contains  lattice,  does  not 
coincide  with  the  line  cf  parabolic  degeneration  of  the  type  of 
equation. 

Eage  148. 

This  line  appears  with  the  circul ar/ne i gh be c i n g projection  of  soeed 
w*  0 (i>,  = 0 for  a rigid  lattice),  moreover,  during  transition  through 
the  line  of  degeneration  within  the  limits  cf  lattices  equation  its 
type  is  not  changed.  Thus,  for  an  inverse  problem  is  constructed  the 
usual  solution,  analogous  tc  the  classical  solution  of  supersonic 
problems  of  gas  dynamics,  with  that  difference,  that  in  the  vicinity 
of  the  line  of  parabolic  deceneraticn  the  nethcd  of  characteristics 
is  directly  inapplicable  and  on  the  boundaries  of  tha  subregions, 
which  do  not  contain  lattices,  the  solution  must  be  mated  with  the 
solution  of  elliptic  equation  (6.5)  ( Ya.  A.  Sirotkiu,  1 964,  1 966). 

From  foregoing(it  is  evident  that  direct  and  re/ erse/ inverse 
problems  of  averaged  axisymnetric  flew  cbtained  in  our  country 
ccmmon/general/total  and  in  known  sense  final  setting. 

In  the  fiftieth  years  the  solution  of  direct  problem  begins  to 
be  introduced  in  the  practice  of  calculation  and  design  of 
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turbcmachines  and  obtains  numerous  examples  of  appiicat ion/use.  The 
solution  of  the  problem  of  the  relatively  comprising  speeds  is 
conducted  usually  according  to  the  method  cf  straight  lines  and  is 
reduced  to  the  sequence  cf  boundar j- value  problems  for  the  system  of 
ordinary  differential  equations  in  natural  grid  with  the  use  of 
curvatures  (G.  Yu.  Stepanov,  1953,  1962)  or  in  that  semifixed  and  in 

by  that  fix/recorded  grids  (L . A.  Simonov,  195C,  1 967  ; Ya.  A. 
Sirctkin,  1959-1963;  N.  I.  Durakov  and  C.  I.  Novikova,  1963;  W.  I. 
Joukowski,  1967).  The  solution  of  problem  relative  tj  the  function  of 
current  is  obtained  by  net  point  method  (G.  I.  Maykapar,  1 958;  Ya.  A. 
Sirctkin,  1964)  or  by  variational  method  of  #alerkin  (P.  A. 

Romanenko,  1 959).  In  all  cases^due  to  the  nonlinearity  of  problem, 
are  applied  successive  approximations,  lor  e c ve  r ( their  convergence  is 
checked  or  is  reached  (via  the  selection  of  the  spaces  of  grid  or 
weight  coefficients)  with  tie  aid  cf  numerical  experiment. 
Calculations  in  the  common/general/total  formulation  of  the  problem 
are  proved  to  be  very  laborious  and  are  oriented  in  essence  for  the 
application/use  of  contemporary  ETsVM. 

The  solutions  of  inverse  axisynmetric  problems,  after  T.  N. 

Voznesensky's  mentioned  above  works,  only  tegin  to  appear  in  the 

£ 

approximate  and  still  iradequate  setting  (if.  E.  Etinberg,  1965;  I. 
A.  Cganesyan,  1967)  . 
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In  technical  practice  von  acceptance  different,  partially 
already  mentioned,  apprcxixate  methods  cf  the  relation  of 
ax  isy  Binetr  ic  problems,  instituted  on  different  simplifying 
assumptions  and  the  form  of  flew  lines,  such,  fer  eximple,  as  theory 
cf  cylindrical  and  conical  step/stages  within  the  limits  of  the 
clearances  between  lattices  (taking  into  account  and  without  taking 
into  account  of  the  curvature  cf  flew  lines).  All  t.hi  se  methods  are 
ccrtained  as  special  cases  in  the  fundamental  equations  of 
axisymmetric  problem  and  at  a cost  of  the  lesses  of  the  strictness  of 

setting  make  it  possible  of  obtaining  the  foreseeable  solutions, 

which  do  not  require  the  applicat  icn/use  of  ETsVM  (G.  N.  Abramovich, 

1953;  n.  Ye.  Deutsch  and  G.  S.  Samcylovich,  1959,  etc.). 

On  the  other  hand,  deserve  reference  exaiFles  oc  the 
construction  of  the  three-dimensional/space  (three-dimensional)  flows 
cf  the  incompressible  fluid  in  the  turbomachine,  limited  by  spherical 
surfaces  (A.  N.  Gokhman,  1954),  and  in  vane  charnel  (A.  F.  jmkkarov, 
1967).  Such  very  laborious  calculations  have,  hcwevei,  systematic 
value  for  estimating  the  accuracy  cf  the  sinplified  models. 

The  equations  of  the  second  two-dimensional  tasx  - the  steady 
flow  cf  lattices  on  surface  of  revolution  in  the  layer  of 
alternating/variable  thickness  - aie  obtained  as  a r3sult  of  the 
averaging  cf  common/general/total  equations  for  time  and  across  the 
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layer  whose  boundaries  are  considered  coinciding  witn  stream  surfaces 
cf  a x i s y ir  me  t.  r ic  flew  r = r ( z ) . 


Page  149. 


Unlike  the  equations  the  first  - axisymmetric  - task  are  necessary 
supplementary  assumptions  about  the  smallness  of  thickness  h=h(x) 
layer  (on  comparison  of  c r)  , and  alsc  about  the  smallness  of  the 
values  of  the  transverse  with  respect  to  layer  projection  of  spaed 
t>„  and  of  the  gradients  cf  all  furcticns  across  layar  (G.  Yu. 
Stepanov,  1962;  0.  F.  Vasiliev  and  N.  S.  Khapilcva,  1965).  For 
ccnvenience  in  the  image  and  calculations  expedient  to  pass  from  the 
axisymmetric  surface  r=r(z)  (dr/dz=tg  j)  tc  the  plana  of  its 

Z 

ccrforiral  mapping  x ~ j dz/(r  cos  \),  y =»  (p,  in  which  any  lattice  is 
converted  into  straight  line,  arrange/lccate d along  ^ axis.  As  a 
result  of  averaging  and  neglect  cf  lew  pulsating  terms  an!  the 
transversing  speeds  of  equation  of  motion  they  ace  reduced  to  the 
equations  of  continuity  and  eddy/vert  ices  ir  plane  layer  of 
a Iter  nating/ variable  thickness  relative  to  the  components  relative 


speed  u>*  =■  wm,  ■* 


dipu)  , d(pv) 


0, 


iM>  Wu 


<«•«> 


cc  to  equation  relative  to  the  function  of  current 

£It4J)+*(72)’-°'  “7> 


ICC  = 781  15  303 


PAGE  3^ 

)y K 


where  p = h(x)p(w,  x)  - the  given  thickness  cf  the  lay»r,  p=p(w,  x)  - 
gas  density,  which  is  known  function  on  Bernoulli*s  surface  (H=const, 
S=const)  , u — rwx  *>  p-'dyldy,  v — rwy  = — p-'ity/dx,  W = — 2wr*  sin  y,  u - the 
angular  rate  of  rotation  of  lattice. 

Equation  (6.7)  is  elliptical  at  subsonic  speeds  («>  < v„),  and  the 
formulation  of  the  problems  for  it  is  aralcgcts  to  tie  formulation  of 
the  ptcbleirs  of  the  subsonic  flow  around  the  foil  lattices,  which 
correspond  to  flow  in  the  cylindrical  layer  cf  constant  thickness  (to 
hypothesis  of  cylindrical  sections);  r=const  (7=0) , a=const.  For  the 
numerical  solution  of  equations  (6.6)  and  (6.7)  in  principle  are 
suitable  all  methods,  which  were  being  mentioned  in  connection  with 
the  axisymmetric  task,  with  respect  tc  which  these  equations  are  idle 
time  a special  case,  with  that  difference,  that  on  tue  band  edges  of 
period  out  of  lattice  are  placed  periodicity  conditions  of  flow  and 
which  in  the  vicinities  of  critical  points  should  eliminate  special 
feature/peculiarities  (coinciding  with  the  limited  derivatives  dh/dx 
with  the  appropriate  special  feature/peculiarities  or  flat/plane 
incompressible  flow). 

In  an  important  special  case  p=const  and  G=0  (tue  second  is 
unessential)  equations  (6.6)  and  (6.7)  beccae  linear  and 
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trans fer /c cnvert  into  the  well  known  equations  of  na:  hemat  ical 

physics,  which  describe  the  motion  of  the  electric  current  through 

the  carrying  out  surfaces  of  arbitrary  form  (N-  A.  tJaov,  1 875),  the 

flow  of  the  incompressible  fluid  in  the  layer  of  alternating/variable 

thickness  and  laminar  filtration  ir  heterogeneous  layers  (0.  V. 

Gclubycv,  1950,  1953;  P.  Ya.  Pol  u t arino  va-  Kc  ch  i na,  1*53),  the  flow  of 

gas  in  the  hodograph  plane  of  the  speed  (L-  S.  leybeuzon,  1935),  the 

flow  of  viscous  fluid  in  bearing,  the  stressed  state  of  anisotropic 

shafts  and  heterogeneous  plates.  Tie  mathe natical  theory  of  these 

\/ 

equations  is  significantly  developed  in  the  works  by  I.  N.  JTekua,  L. 
Bers  and  k . Vaynshteyn, P.  A.  Lavrentyev  and  E.V.  Shanat,  S.  Bergmann, 
G.  N.  Polozhiy. 


Eage  150. 


The  effective  solutions  of  boundar y- value  problems  for  equations 
(6.6)  and  (6.7)  occur  through  analytic  (harmonics)  functions  and 
fundamental  particular  solutions,  in  hydrodynamic  interpretation  - by 
the  imposition  of  the  potentials  of  basic  elementary  flows  of  the 
type  of  the  isolated/insulated  sources,  ed d y/ vc rtices,  dipoles  and 
nultifcles.  These  particular  solutions  have  kncwn  expressions 
(generalized  a xisy  mraetric  potentials);  for  exponential  layers  k = x" 
in  the  general  case  through  the  Bessel  functicts  on  the  order  of  1/2 
(n-1)  , with  whole  even  r.  - through  elementary  functions  and  with 
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whcle  cdd  n - through  elliptical  integrals;  foe  the  exponential 
layers  h=exp  x and  their  linear  combinations,  including  of 
trigonometric  and  hyperbolic  functions,  solution  the/  are  expressed 
as  the  functions  of  MacDonald.  (In  gas  dynamics  were  studied  in 
detail  cases  h='v/1T=x>/3  and  h=th*x)  . The  overall  theoL  y of  flows  in 
such  layers  (in  connection  with  the  theory  of  filtration)  is 
developed  recently  in  the  works  by  0.  V.  Golubevoy  and  her  colleagues 
(K.  N.  Bystrov,  1956-1966;  Yu.  A.  Gladyshev,  196  1,  1*64;  V.  A. 

Yurisov,  1964;  N.  I.  Gaydukov,  1966).  In  the  mere  general  case  of  the 
solution  of  the  equations  in  question  have  the  representations 
through  series  or  the  integrals,  which  generalize  thi  appropriate 
representations  analytic  functions.  Thus,  for  instance,  if  is  written 
the  first  of  equations  (6.6)  in  the  fora 


9u  av 

9 c + »y 


u-*±LVt 

9m  “ 9y  ** 


then  these  equations  can  be  considered  as  system  of  Jarleaan  for  the 
generalized  analytic  furcticn  q(z)=u-iv  (z=»*iy)  (I.  N . Wekua,  1959), 

which  for  a lattice  obtains  the  represertatiens 

« (*)  “ iir  4 « (5) cth  t & “ »>  < ^ vr  1 1 eih  T « ■ - *)  *»• 

....  (0-8) 

q (*)  «■  / (z)  exp  [ — -JJ-  j j (eg  f eq  — (O)  j cth  y (t  — l)  • (e  8) 

In  the  written  formulas  the  integrals  are  taken  on  dict/contour  C of 
basic  airfoil/profile  and  on  field  S of  detera inatiou  q in  the 
fundamental  period  of  lattice,  r *=  — »/a  (d>  In  p/fa  4-  Id  In  pldy),  P(z)  - the 
arbitrary  analytic  function  z. 


With  the  aid  of  the  representations  indicated  tue  methods  of 
calculation  of  plane  flew  (appropriate  c=0)  are  generalized  to  the 
case  of  flow  in  the  layer  of  the  a 1 ter nat i n g/v ariable  thickness  of 
the  incompressible  fluid,  and  also  gas  (at  subsenic  speeds),  if  is 
utilized  the  method  of  successive  approximations  of  ceyli  - Yantsen's 
type.  Calculations  substantially  become  co up  1 ic ated  d u e to  the  more 
ccmplex  form  of  basic  elementary  flows  and  need  for  calculating 
integrals  according  to  area;  t here fore^ the  knewr  worts  ara  limited  by 
the  cc mmcn/gene ral/total  discussions  the  app 1 ic at  ion/uses  of  a method 
of  special  feature/peculiarities  ir  incompressible  flow  (S.  V. 
Vallander,  1958;  A.  M.  Gokhman  and  E.  V.  V.  Rao,  1965)  and  by 
scluticns  ( vortex/eddy  method)  direct  and  reverse/ia verse  problems 
in  the  simplest  cases  h = x (l.  A.  Simonov,  1950,  1957i4  and  h=x*?  (N. 

G.  Belekhova,  1958  ; K.  A.  Kiselev,  1958;  B.  S.  Faukhian,  1 965),  and 
also, by  the  construction  of  elementary  flows  from  the  lattice  of 
sources  in  layer  A =*  x'in  (lu.  A.  Gladyshev,  1969)  and  the  lattice  of 
dipcles  in  layer  h*exp  px  (7.  A.  Yurisov,  1S64)  . For  the  calculation 
of  the  flows  of  gas  within  limits  of  vane  channels,  are  developed  and 
are  virtually  applied  the  simpler  -numerical  and  approximation 
methods;  of  thera^itself  idle  time  it  is  instituted  oa  the  averaging 
cf  flow  across  channel  (cn  y)  and  the  information  of  task  to 
one-dimensional  (3.  Yu.  Stepanov,  1962;  V.  1.  Mitrokhin,  1966). 
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Page  151. 

Hentioned  "channel"  methods,  mention  their  simplicities,  have  still 
the  advantage  that  they  without  essential  difficulties  are  spread  to 
the  cases  cf  the  variable  across  channel  values  of  tae  stagnation 
parameters  and  mixed  (sub-  and  supersonic)  flows. 

As  a whole  solution  of  spatial  problem  as  totalities  of  two 
described  two-dimensional  tasks  at  present  is  substantially  moved 
gives  sufficient  basis/bases  for  reliable  calculation  and  the  designs 
of  tur tomachin es.  However,  the  complete  scltticr  of  problem  reguires 
the  account  of  ail  rejected  members  of  equations,  including 
transverse  composing  velocities,  or,  in  other  words,  the  estimation 
of  the  distortion  of  ax isym metric  stream  suifaces.  Tais  estimation 
can  be  conducted  either  by  the  method  of  solution  of  complete 
equations  or  (which  mote  corresponds  to  the  basic  idaa  of  the 

3 

separation  of  spatial  problem  to  two-dimensional  ones)  via  the 
examination  of  tha  third  and  last/latter  task  of  the  so-called 
secondary  flows  in  flow  cross  sections.  The  first  theoretical 
explanation  secondary  flows  as  of  consequence  cf  rotation  of  retained 
vertex  lines  was  given  in  1914  to  N . E.  Joukowski^n  the  examination 
by  it  of  the  motion  of  alluviums  dtring  the  rotation  of  river. 
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Secondary  flows  ware  studied,  furthermore,  ty  N.  E.  joukowski  and  S. 
A.  Chaplygin  in  flow  with  free  vortices  after  screw/propeller  and 
after  finite-span  wing,  and  also  A.  A.  Friecman,  by  N.  E.  Kochin  and 
I.  A.  Kibelem  in  the  tasks  of  dynamic  meteorology.  Tneoretical 
studies  of  secondary  flews  in  the  vane  charrels  of  turbomachines  is 
based  on  the  common/general/total  theorems  about,  the  motion  of 
eddy/vortices.  Most  essential  results  were  obtained  uy  V.  R.  Khautorn 
(Froc.  Cambridge  Phil.  See.,  1955,  51:  4,  7 37-74  3).  Fundamental 
equation  for  the  calculation  of  secondary  eddying  alung  flow  lino  in 
motionless  channel  can  be  written  in  the  form 

: <*>**» 

where  p*and  p*  - stagnation  parameters.  A.  - the  geoietic  curvature 
of  flow  line  on  the  surface  of  the  Bernoullis  (p*=const)  , the 
derivatives  d/ds  and  d/dn  are  taken  respectively  aloa g flow  line  and 
along  the  normal  to  Bernoulli's  surface.  Prc»  equation  (6.10)  it  is 
evident  that  the  development  of  secondary  flows  in  nunviscous  liquid 
is  determined  only  by  tctal-prersure  gradient  and  by  the  curvature  of 
flew  line.  (In  relative  motion  in  the  rotating  channel  to  values  U« 
is  added  another  projection  on  the  flew  lire  cf  relative  eddy/vortex 
-2«)  . Obtained  values  Q,  determine  the  velocity  field  in  the  cross 
section  of  channel  and  respectively  the  distortion  ot  the  form  of  the 
initial  arisymmetric  surfaces  of  Bernoulli,  and  also/  average  stream 
surfaces  (and,  in  particular,  the  flow  exit  angles  from  lattices). 
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Further  refinement  of  setting  and  solution  of  spatial  problem 
occurs  in  the  direction  of  the  refinement  cf  the  models  of  flow 
taking  into  account  the  effects  of  imperfect  gas,  fust  of  all  to 
viscosity.  The  fact  is  that  the  theory  cf  secondary  clows  in 
ncnviscous  liquid  qualitatively  correctly  describes  phenomenon; 
however,  does  not  explain  the  emergence  of  tot  a 1-pre^ sure  gradient  in 
the  main  flow  and  fading  secondary  flows,  for  which  it  is  necessary 
to  consider  viscosity  effect,  not  snail  near  the  limiting  surfaces 
and  in  regions  with  high  total- pressure  grauients.  Il  is  interesting 
tc  note  that  N.  E.  Joukowski  in  already  mentioned  work  (1914)  gave  , 

the  theory  of  secondary  flows  in  visccus  fluid  in  thin  layer,  valid 
with  an  accuracy  to  a small  second  order.  In  1 935^  P.  A.  Walter,  it  S 

investigated  in  detail  the  developed  secondary  flow  of  viscous  fluid 
in  tent  tube  of  round  cross-sect ic r. 


Eage  152. 

Turbulent  flew  for  a long  time  did  not  yield  tc  theoretical  studies 
and  they  were  the  object/subject  only  of  experixentai  study.  The 
early  experimental  data  cn  secondary  flews  in  ducts  ind  channels  in 
1935  were  generalized  by  G.  N.  Abramovich.  Ihe  first  investigations 
of  secondary  flows  in  tur be  machines  were  connected  with  the 
determination  of  the  secondary  losses  cf  kicetic  energy  (in 
comparison  with  ideal  flow).  One  of  the  first  detailed  experimental 
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investigations  of  secondary  cascade  flows  teicncs  to  II.  Ye.  Deutsch, 
who  in  194  5^  est  ahl  ish/i  ns  t a 1 le  d the  helical  character  of  th«  motion 
cf  liquid  near  blade  tips  and  zcne  of  the  increased  losses,  not 
depending  cn  the  length  of  tlades.  In  the  subsequent  numerous 
experimental  investigations  was  more  precisely  formulated 
three-dimensional/space  flow  pattern  and  were  investigated  t he 
dependences  of  the  coefficient  of  secondary  losses  aid  lattices  on 
different  geometric  and  hydiodyramic  parameters  (E.  A.  Gukasova, 

1954,  1960,  1964;  M . F.  Deutsch  and  G.  S.  Samcylovicu,  1959;  L.  G. 

Naumova  and  G.  Yu.  Stepanov,  1954,  1562;  A.  S.  Cinev»kiy  and  S.  A. 

Dovzhik,  1 959,  196  1;  A.  V.  Kolesnikov,  1959,  1963).  Theoretical 
studies  cf  the  secondary  flews  of  viscous  fluid  were  developed  in  our 
country  in  essence  in  the  directicr  cf  development  aid  usa  of  theory 
cf  three-dimensional  boundary  layer  along  the  intersection  of  two 
planes  (L.  G.  Loyt  sya  nski  y , 1941),  with  external  dowiwash  (V.  V. 
Struminskiy,  1946,  1956),  cn  the  rctating  fcedies  (L.  A.  Dorfman, 

1956-1960),  on  motionless  wall  with  transvcise  pressjre  gradient  (L. 
G.  Naumova,  1957;  V.  V.  Ecgdanov,  1960,  1965;  V.  G.  t*avlov,  1961;  G. 
Yu.  Stepanov,  1958,  1962).  The  calculations  of  three-dimensional 
boundary  layer  on  the  erd-type  walls  of  vane  channels  made  it 
possible  to  satisfactorily  explain  the  observing  in  experiments 
properties  of  secondary  flows  and  to  rate/ertimate  tae  valu°s  of 
secondary  losses  (N.  N.  Harkov,  195e;  G.  Yu.  Stepanov,  1958,  1962;  A. 
V.  Kolesnikov,  1964,  etc.). 
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Or  the  basis  of  given  survey/coverage  the  development  of  the 
hydrodynamic  cascade  theory  it  is  possible  to  break  into  four  basic 
stages:  (I)  setting  and  the  scluticn  cf  the  first  problems  for  the 
lattice  of  plates;  (II)  the  development  of  the  overall  cascade  theory 
frci  fine/thin  airf  ci  1/p.rof  iles ; (III)  the  complete  solution  of 
straight  line  and  inverse  problems  in  plane  flow  vita  the  subsequent 
account  to  compressibility  and  the  viscosity  cf  liquid  and  their  use 
ir  the  practice  of  calculation  and  shaping  cf  the  lattices  of 
turbomachines;  (IV)  inversion  to  the  cc nte n | or a ry  problems  of  the 
unsteady  and  th rea-dime nsional/space  flow  around  lattices. 

All  enumerated  stages  Russian  and  Soviet  scientists  played  the 
cutstanding  role  in  the  setting  of  tasks,  their  solution  and 
application/appendices.  The  ccrducted  investigations  and  the 
achieved/reached  results  are  reflected  in  the  vast  literature,  which 
includes  special  monographs,  and  are  persoaified  in  the 
construction/designs  of  gas-turbine  and  rocket  enginos,  in  energy  and 
auxiliary  turbomachines. 

The  main  trends  of  further  development  of  the  cascade  theories 
it  is  possible  to  consider,  in  the  first  place,  improvement  and 
expansion  cf  the  practice  cf  the  application/use  of  icnown  methods 
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and,  in  the  second  place,  tie  development  cl  tie  prooleras  of  unsteady 
and  three-dimensional/space  flew  in  t u r tom  ach  i nes  ( b/  including  the 

problem  of  aeroela stici ty ) taking  into  account  *he  properties  of  real  1 

liquids.  The  solution  of  the  problems  indicated  requires  the 
development  cf  the  new  models  of  flow,  wide  use  of  contemporary 

computer  technology  and  new  methods  cf  experimental  studies.  j 
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